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Probing black holes in nonperturbative gauge theory
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We use a 0-brane to probe a ten-dimensional near-extremal black hole withN units of 0-brane charge. We
work directly in dual strongly coupled quantum mechanics, using mean-field methods to describe the black
hole background nonperturbatively. We obtain the distribution ofW boson masses, and find a clear separation
between light and heavy degrees of freedom. To localize the probe we introduce a resolving time and integrate
out the heavy modes. After a nontrivial change of coordinates, the effective potential for the probe agrees with
supergravity expectations. We compute the entropy of the probe, and find that the stretched horizon of the black
hole arises dynamically in quantum mechanics, as thermal restoration of unbrokenU(N11) gauge symmetry.
Our analysis of quantum mechanics predicts the correct relation between the horizon radius and entropy of a
black hole.
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I. INTRODUCTION

For many years it has been an outstanding challeng
develop a microscopic understanding of black hole phys
Many properties of black holes can be easily understood
ing classical or semiclassical gravity. For example the not
of a horizon arises in classical gravity, while semiclassi
considerations show that a horizon has an associated the
dynamic entropy. But ultimately we must understand h
these semiclassical properties arise from a microsco
theory of quantum gravity.

The development of nonperturbative definitions of stri
theory@1# has given a new perspective on these problems
particular string theory in the background of a te
dimensional nonextremal black hole withN units of 0-brane
charge is known to have a dual description in terms ofU(N)
gauged supersymmetric quantum mechanics with sixteen
percharges@2#. We would like to understand how the sem
classical physics of black holes emerges from dual quan
mechanics. Can we recover the classical geometry of
black hole? Can we understand the horizon in terms of
croscopic physics? Can we account for the Hawkin
Bekenstein entropy?

These questions are not easily answered, because
quantum mechanics is strongly coupled whenever semic
sical supergravity is valid@2#. In some cases, one can rely o
supersymmetric nonrenormalization theorems to calculat
strong coupling@3#. But to make progress in a more gene
setting, we need nonperturbative methods to study quan
mechanics.
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In @4,5# we developed a mean-field approximation sche
for the quantum mechanics ofN D0-branes. Similar tech-
niques have been applied to matrix integrals in@6#. The ap-
proximation can be applied at strong coupling, and giv
results for thermodynamic quantities which are in go
agreement with semiclassical black hole predictions, at le
over a certain range of temperatures. This supports the c
that the dual quantum mechanics can account for
Hawking-Bekenstein entropy. But to address the other qu
tions listed above, we need a probe that is sensitive to
geometry of the black hole.

In the present paper, we introduce an additional D0-br
as a probe of the black hole geometry. It is easy to desc
the probe in terms of classical supergravity. In the dual qu
tum mechanics, the description is in terms of a gauge the
spontaneously broken toU(N)3U(1). Wewill make use of
our mean-field approximation to describe the quantum m
chanics of theU(N) black hole background. There are
number of interesting questions that we can address in
setting. Can one describe a localized probe in the quan
mechanics? Can one recover the expected effective pote
for the probe? What physics is responsible for the horizon
the black hole?

An outline of this paper is as follows. In Sec. II we revie
the supergravity description of a D0-brane probe of the bl
hole background. In Sec. III we apply mean-field methods
the dual quantum mechanics problem, and show that we
localize the probe by introducing a resolving time in t
quantum mechanics. In Sec. IV we perform a spectral an
sis of 2-point functions in the quantum mechanics, to obt
the microscopic density of single-string excitations. We sh
that light states are present at the horizon; thus the hor
can be understood as thermal restoration of unbrokenU(N
11) gauge symmetry in the quantum mechanics. In Sec
we show that the effective potential for the probe agrees w
©2001 The American Physical Society12-1
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IIZUKA, KABAT, LIFSCHYTZ, AND LOWE PHYSICAL REVIEW D 65 024012
supergravity expectations. The microcanonical entropy of
probe is computed in Sec. VI. In Sec. VII we show that o
results imply a correct relation between the horizon rad
and entropy of a black hole. Section VIII gives some conc
sions and directions for future work.

II. SUPERGRAVITY PREDICTIONS

We begin with a review of the supergravity description
the probe or black hole system. We will be able to extrac
number of useful predictions about the behavior of the d
quantum mechanics.

Our focus will be on the near-horizon region of a te
dimensional nonextremal black hole in type IIA supergrav
The black hole is taken to haveN units of D0-brane charge
so that the dual quantum mechanics isU(N) gauged super-
symmetric quantum mechanics with sixteen supercha
@2#. In the near-horizon region the string-frame metric of t
black hole is given by

ds25a8F2h~U !dt21h21~U !dU21
c1/2~gY M

2 N!1/2

U3/2
dV8

2G
h~U !5

U7/2

c1/2~gY M
2 N!1/2S 12

U0
7

U7D ~1!

wherec527p9/2G(7/2) andgY M
2 5gs /4p2(a8)3/2 is the cou-

pling constant of the dual gauge theory. The dilaton profile
given by

ef5
1

~a8!3/2S cgY M
2 N

U7 D 3/4

~2!

and there is a Ramond-Ramund~RR! 1-form potential@8#

A0511
~a8!2U7

cgY M
2 N

S 211
U0

7

2U7D 1O~a84!. ~3!

The horizon of the black hole is located atU5U0, which
corresponds to a Hawking temperature

T5
7

2pA30
~gY M

2 N!21/2S U0

2p D 5/2

50.2034 ~gY M
2 N!21/2S U0

2p D 5/2

. ~4!

This is the temperature measured with respect to
Schwarzschild time coordinatet. Sincet is identified with the
time coordinate of the dual gauge theory, the dual quan
mechanics is to be studied at the same finite tempera
The black hole has a free energy@9#
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bF52S 2213257p14

719 D 1/5

N2S T

~gY M
2 N!1/3D 9/5

524.115 N2S T

~gY M
2 N!1/3D 1.8

. ~5!

Duality predicts that the quantum mechanics should have
same free energy. The supergravity description is expecte
be valid when the curvature and the dilaton are small n
the black hole horizon. This regime corresponds to the
Hooft large-N limit of the quantum mechanics, together wi
the requirement that the effective ’t Hooft coupling in th
quantum mechanics

geff
2 5gY M

2 N/T3 ~6!

lies in the range

1!geff
2 !N10/7. ~7!

Note that the quantum mechanics is strongly coupled wh
ever semiclassical supergravity is valid@2#.

A 0-brane probe of this supergravity background is d
scribed by the action

S52T0E dte2fA2detG2T0E dtA0 ~8!

where the tension of a 0-brane isT051/gsAa8. Evaluating
this on the black hole background~1!–~3! gives the effective
action for the probe in the decoupling limit@7,8#

S52
1

4p2gY M
2 E dtF U7

cgY M
2 N

S 211
U0

7

2U7D
1S U7

cgY M
2 N

D 3/4Ah~U !2
1

h~U !
U̇22

c1/2~gY M
2 N!1/2

U3/2
V̇2G

~9!

~we dropped a constant term, the rest energy of the prob
infinity!. From the action we can read off the effective p
tential for a static probe:

Veff52
N

15~gY M
2 N!2 S U

2p D 7SA12
U0

7

U721D 2

. ~10!

Note that the effective potential~10! is singular at the
horizon of the black hole. A singularity in a low-energy e
fective action suggests that massless degrees of free
have been improperly integrated out. To see that this is
deed the case, consider ‘‘W bosons:’’ open strings which ca
stretch between the probe 0-brane and the black hole.
energy of these strings can be computed by evaluating
Nambu-Goto action

SNG52
1

2pa8
E d2sA2detG
2-2
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PROBING BLACK HOLES IN NONPERTURBATIVE . . . PHYSICAL REVIEW D 65 024012
on a string world sheet which starts at the horizon and e
on the probe. A straightforward calculation gives an ener
measured with respect to the Schwarzschild time coordin
t, equal to

mW5
1

2p
~U2U0!. ~11!

This is identical to the calculations of@10#, performed in the
context of studying Wilson lines at finite temperature.

The energy of these strings indeed goes to zero as
probe approaches the horizon. In@11# it was argued that
these massless degrees of freedom are responsible fo
singularity of the supergravity effective potential~10!. We
conclude that the supergravity description of the pro
breaks down when the probe gets too close to the horizo
least according to a Schwarzschild observer.1 In the full
string theory~or dual quantum mechanics!, which takes these
light degrees of freedom into account, theW bosons will
become thermally excited as the probe approaches the
zon.

To estimate the radius of the ‘‘stretched horizon’’ at whi
this thermalization starts to occur, we compare the energ
a W boson~11! to the temperature of the black hole~4! ~the
comparison is meaningful, since both energies are meas
with respect to the same Schwarzschild time coordinatet).
SettingmW5T gives the radius of the stretched horizon

Ustretched5U0X11
7

A30~2p!5/2S U0

~gY M
2 N!1/3D 3/2C. ~12!

At this radius stringy degrees of freedom start to beco
thermally excited, so the supergravity description of t
probe breaks down, and the classical black hole geometry~1!
is no longer reliable.

For an accurate description of physics inside the stretc
horizon, we must turn to the dual quantum mechanics~or full
string theory!. There we see that lightW bosons are rapidly
created, so the probe quickly thermalizes with the black h
Once the probe 0-brane has come to thermal equilibrium
can no longer be distinguished from the other 0-branes
make up the black hole.

This makes it easy to compute the energy and entrop
the probe once it has been absorbed by the black hole
come to equilibrium. The effect of the probe is simply
shift N→N11 in the semiclassical free energy of the bla
hole ~5!. We shift N holding bothgY M and the temperature
fixed. Thus the free energy of a probe in equilibrium is giv
by

bFprobe525.76NS T

~gY M
2 N!1/3D 9/5

. ~13!

This agrees precisely with the free energy one obtains
evaluating the DBI effective potential~10! at the horizon of

1It is an outstanding question to understand the horizon mic
scopically from the point of view of a freely falling observer.
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the black hole,bFprobe5bVeffuU5U0
. This rather surprising

coincidence was noted and explained in@12#.
To better understand the absorption process, note tha

energy and entropy of a probe in equilibrium can be obtain
from the corresponding black hole quantities by shiftingN
→N11. That is, they are given by

Eprobe5S 221312p14

53714 D 1/5

N~gY M
2 N!1/3S T

~gY M
2 N!1/3D 14/5

Sprobe5S 22632p14

5379 D 1/5

NS T

~gY M
2 N!1/3D 9/5

. ~14!

Note that the probe acquires positive energy as it come
equilibrium with the black hole. This is in sharp contrast
the negative attractive potential~10! which is present outside
the stretched horizon. Moreover the probe acquires entr
once it is inside the stretched horizon, associated with
excited W-boson degrees of freedom. By contrast, outs
the stretched horizon the probe entropy is very small~ac-
cording to classical supergravity, it is exactly zero!. Thus
absorption of the probe by the black hole is driven by t
increase in entropy, which more than makes up for the cos
energy.

III. GAUGE THEORY CALCULATIONS

We now turn to the dual gauge theory description of t
probe or black hole system, and apply mean-field meth
@5# to study the quantum mechanics at strong coupling.

Our starting point isU(N11) gauged supersymmetri
quantum mechanics with sixteen supercharges@13#. As in
our previous work, we will describe the quantum mechan
using the language ofN52 superspace. This formalism
makesN52 supersymmetry manifest~out of the underlying
N516). It also makes manifest aG23SO(2) subgroup of
the underlyingSO(9) rotational invariance.

In terms ofN52 superfields, the action for 0-brane qua
tum mechanics reads

S5
1

gY M
2 E dtd2uTrS 2

1

4
¹aFi¹aFi2

1

2
¹aFA¹aFA

2
i

3
f ABCFA@FB ,FC# D . ~15!

Here¹a is a U(N11) gauge superconnection, andFi is the
corresponding field strength. The fields

FA5fA1 icAaua1 f Au2

are a collection of seven adjoint scalar multiplets, withA,B
51, . . . ,7 anindex in the7 of G2, and f ABC is a suitably
normalized totally antisymmetricG2-invariant tensor. For
more details on our notation see Appendix A.
-

2-3
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A. Introducing a localized probe

We wish to use a single 0-brane to probe a black hole w
N units of 0-brane charge. To do this we separate the pr
from the black hole, by giving an expectation value to one
the scalar fields, say

^F7&5S 0 0

0 RD . ~16!

Classically this breaks the gauge symmetry fromU(N11)
down to U(N)3U(1), andgives the off-diagonal fields a
massmW5R.

Before continuing, there is an important question we m
address: is the expectation value~16! meaningful at strong
coupling? The issue is that at strong coupling the eigenva
of fA have large quantum fluctuations. These fluctuatio
can be measured by computing the connected equal-time
relation function (1/N)^Tr(fA)2&C . For example in our ap-
proximation the eigenvalues obey a Wigner semicircle dis
bution, with maximum eigenvalue

lmax52A^Tr~fA!2&C /N. ~17!

On general grounds one can argue that@14,15#

1

N
^Tr~fA!2&C;~gY M

2 N!2/3, ~18!

and this behavior is indeed seen in our mean-field appr
mation @5#. Thus the eigenvalues offA fluctuate over the
entire region, of size;(gY M

2 N)1/3 @2#, in which supergravity
is valid. We want to place the probe well inside the sup
gravity region, at some value ofR!(gY M

2 N)1/3. But can we
really claim to have a well-localized probe, given the lar
fluctuations~18!?

The answer is that the probe can be well-localized,
long as it is outside the stretched horizon. To see this, n
that supergravity only emerges as a low energy approxi
tion to the quantum mechanics. To discuss the position of
probe we must introduce a resolving time, and integrate
the high-frequency degrees of freedom in the quant
mechanics.2 These high-frequency modes are responsible
the large fluctuations~18!, and by integrating them out, w
can construct a sharply defined position operator for
probe.

Following @15#, a suitable position operator can be o
tained by smearing the Heisenberg picture fields ove
Lorentzian time intervale:

f̄A5E
2`

` dt

eAp
e2t2/e2

fA~ t !. ~19!

The effect of the resolving timee is to integrate out mode
with frequency larger than 1/e. We can only integrate ou

2We are indebted to Lenny Susskind for emphasizing this poin
us on numerous occasions. We are also grateful to Emil Mart
for valuable discussions on this topic.
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modes which are not thermally excited, so an appropr
choice of resolving time ise;b. Then the operatorsf̄A
provide sharply defined position operators for the probe
least as long as the probe is outside the stretched horizon
we shall see, as the probe enters the stretched horizonW
bosons with a mass of order 1/b start to become thermally
excited. These lightW bosons contribute to the fluctuation
in f̄A , so once the probe enters the stretched horizon it c
not be localized to less than the size of the stretched horiz

Although the probe can be well-localized outside t
stretched horizon, one subtle question remains: what is
precise relationship between the Higgs VEVR appearing in
Eq. ~16! and the supergravity radial coordinateU appearing
in Eq. ~1!? At zero temperature one can rely on supersy
metry to make a precise identification. The mass of a B
stretched string in the gauge theory is given exactly by
tree-level formulamW5R, while in supergravity the classica
formulamW5U/2p ~11! is not corrected. Therefore one ca
identify R5U/2p at zero temperature. However, this ide
tification is not appropriate at finite temperature. We w
work out the correct identification in Sec. V.

B. Mean-field approximation

Having understood the description of a localized probe
strong coupling, we proceed to apply mean-field metho
@4,5# to the quantum mechanics.

The 0-brane action~15! has a manifestG2 global symme-
try, but the expectation value~16! breaks this toSU(3), so
we begin by rewriting the action in form with manifes
SU(3) invariance. UnderSU(3),G2 the7 decomposes into
3% 3̄% 1. Thus in place of the seven real scalar multipletsFA
we have a set of three complex scalar multipletsFa trans-
forming in the3, their adjointsF ā

† in the 3̄, and a single real
scalar multipletF7. The 0-brane action reads

S5
1

gY M
2 E dtd2uTrH 2DaF ā

†
DaFa2

1

2
DaF7DaF7

1
1

3A2
eabcFa@Fb ,Fc#2

1

3A2
e āb̄c̄F ā

†
@F b̄

† ,F c̄
†
#

1F7@Fa ,F ā
†
#

1terms involving the gauge connectionJ . ~20!

We expand about the background~16!, setting

Fa5S F̂a
dFa

dF̃a
† 0

D
~21!

F ā
†
5S F̂ ā

†
dF̃ ā

dF ā
† 0

Do
c

2-4
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F75S F̂7
dF7

dF7
† R

D
with a similar expansion for the gauge connection. The h
ted fields areN3N matrices describing the black hole bac
ground, while the off-diagonal fields describeW bosons in
the fundamental ofU(N), andR is the Higgs vacuum expec
tation value~VEV! which parametrizes the position of th
probe.

Expanding the action in powers of the off-diagonal field
we have~with F̂ referring to all of the scalar multiplets a
well as the gauge connection!

S5Sbackground~F̂ !1Squadratic~F̂,dF!1•••. ~22!

The zeroth order terms describe the black hole backgrou
All first order terms automatically vanish, given the matr
structure~21! and the fact that the action~20! involves a
single overall trace. We can stop with the quadratic term
Eq. ~22!, since the off-diagonal fields transform in the fu
damental ofU(N), which means the higher-order term
make contributions that are suppressed by 1/N in the large-N
limit.

To get a tractable description of the black hole ba
ground, we use our mean-field approximation scheme@5#. In

this approximation one constructs a trial actionS0(F̂),
which can be thought of as a variational approximation to

full action Sbackground(F̂). We took S0 to essentially be the
most general quadratic action that one can write in term
the fundamental background fields. The trial action is the
fore characterized by a set of 2-point functions, which w
obtained by solving a set of truncated Schwinger-Dys
equations.

To make a mean-field approximation for the backgrou
we replaceSbackground→S0 in Eq. ~22!. This gives us an ef-
fective description of the probe, in terms of the action

S5S0~F̂ !1Squadratic~F̂,dF!. ~23!

In principle this action can be solved by standard largeN
techniques, sinceS0 is a known quadratic action and th
fields dF are in the fundamental ofU(N). However, for
simplicity, we wish to make a further approximation: we w
only keep fields which transform in the3 or 3̄ of SU(3). We
will say more about the validity of this truncation in Sec.
Given these approximations, the action of interest is exp
itly given by

S5S0~F̂a ,F̂ ā
†
!1

1

gY M
2 E dtd2u$2DadF ā

†
DadFa

2RdF ā
†dFa2DadF̃a

†DadF̃ ā1RdF̃a
†dF̃ ā

1A2eabcdF̃a
†F̂bdFc2A2e āb̄c̄dF ā

†
F̂ b̄

†dF̃ c̄%. ~24!
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We are interested in studying this theory at finite tempe
ture. To do this we use an imaginary-time formalism. W
adopt the component expansions discussed in Appendix

dFa5dfa1 idcaaua1d f au2

dF ā
†
5df ā

†
1 idcaā

†
ua1d f ā

†
u2

~same for tilded fields!. We continue to Euclidean space b
setting

SE52 iSM , t5 i t M , f E52 i f M .

Note that the auxiliary fields must be Wick rotated to obta
a Euclidean action that is bounded below.~The rotation is
somewhat subtle; we need bothd f aE52 id f aM and d f āE

†

52 id f āM
† .! We then compactify Euclidean time on a circ

of circumferenceb, and expand the fields in Matsuba
modes. For example we write

dfa~t!5
1

Ab
(
l PZ

dfale
i2p l t/b

dcaa~t!5
1

Ab
(

r PZ11/2
dcaare

i2pr t/b.

The model~24! can be solved by standard large-N meth-
ods. The leading contribution to the free energy isO(N2),
and comes from the black hole background. The leading c
tribution to the free energy of the probe isO(N), and comes
from a single loop ofW bosons. Since the action~24! only
has 3-point couplings involving twoW bosons and one back
ground field, the W propagator is given exactly by summi
rainbow diagrams, just as in the ’t Hooft model of two
dimensional chromodynamics@16#. The mean-field methods
used in@4,5# therefore provide an exact description of th
probe, and we shall state the solution to the model using
language of mean-field theory.

At leading order in 1/N the properties of the probe ar
completely characterized by theW propagators. We denot
these propagators

^df āl I
† dfbmJ&05D l

2d ābd lmd IJ

^d f ālI
† dfbmJ&05^df āl I

† d f bmJ&05 ig ld ābd lmd IJ

~25!

^d f ālI
† d f bmJ&05e l

2d ābd lmd IJ

^dcaārI
† dcbbsJ&05 igrdabd ābd rsd IJ1 ihreabd ābd rsd IJ

~same for tilded fields and propagators! whereI ,J are indices
in the fundamental ofU(N). These propagators are to b
determined by solving a set of one-loop gap equatio
which we give below. The background actionS0(F̂) is also
2-5
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characterized by a set of 2-point functions, which we deno3

^f̂ āl IJ
†

f̂bmKL&05D̂ l
2d ābd lmd ILdJK

^ f̂ āl IJ
†

f̂ bmKL&05 ê l
2d ābd lmd ILdJK

^ĉaārIJ
†

ĉbbsKL&05 i ĝ rdabd ābd rsd ILdJK .

The action~24! has aZ2 symmetry which exchangesdF and

dF̃, and takesR→2R, F̂→2F̂. This symmetry implies
that
o
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02401
D l
25D̃ l

2 , g l52g̃ l e l
25 ẽ l

2 , gr5g̃r , hr52h̃r .
~26!

From now on we will use this relation to eliminate the tilde
propagators.

The propagators appearing in Eq.~25! are to be deter-
mined by solving a set of one-loop gap equations. The
equations can be obtained by demanding that the two-l
2PI effective action discussed in@4,5# is stationary with re-
spect to infinitesimal variations of the propagators. The f
energy of the probe can then be obtained by evaluating
effective action at the critical point. In the present case, a
a rescaling discussed below, the effective actionbF is given
by
bF526(
l

log„D l
2e l

21~g l !
2
…16(

r
log„~gr !

21~hr !
2
…16(

l
XS 2p l

b D 2

D l
222Rg l1e l

222C212(
r

S 2pr

b
gr2Rhr21D

1
24

b (
l 1m1n50

D l
2D̂m

2 en
21

12

b (
l 1m1n50

D l
2êm

2 Dn
21

24

b (
l 1m1n50

g lD̂m
2 gn1

48

b (
l 1r 1s50

grĝsD l
21

24

b (
l 1r 1s50

grD̂ l
2gs

2
24

b (
l 1r 1s50

hrD̂ l
2hs . ~27!
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The gap equations and effective action are discussed in m
detail in Appendix B.

Let us briefly note an important feature of our solution.
evaluating the effective action, we only kept planar d
grams. This makes ’t Hooft large-N counting automatic, so
the free energy of the probe is guaranteed to beO(N). More-
over, the Yang-Mills coupling constant can only appear in
combinationgY M

2 N. In Eq. ~27!, and in the rest of this pape
we suppress the overall factor ofN in the probe free energy
Also, by rescaling all dimensionful quantities as in Append
B, we effectively adopt units which setgY M

2 N51.
To solve the gap equations we used the numerical m

ods described in@5#, which we will not review here. The
basic idea is to start by solving the gap equations at largR,
where the theory is weakly coupled, and then use
Newton-Raphson method to solve the gap equations at a
quence of successively smaller radii.

IV. SPECTRAL ANALYSIS

At leading order in 1/N the properties of the probe ar
completely characterized by theW propagators. In the previ
ous section we described how these are computed num
cally, as functions of imaginary time. There are a number
interesting questions that are difficult to address, howe
simply given the imaginary time propagators. For examp

3The propagatorsD̂ l
2 and ê l

2 are the same as in@5#, but ĝr is i
times the fermion propagator of@5#.
re

-

e

h-

e
e-

ri-
f
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we would like to determine the masses of theW bosons, to
see if supergravity predictions for the behavior of strings t
stretch between the probe and horizon are borne out, an
fix the relation between the supergravity radial coordinateU
and the Higgs expectation valueR. We would also like to
determine the entropy of the probe in a fixed black h
background. These things are not easily done in imagin
time.

To address these questions, it is useful to introduce a s
tral representation for theW propagators. By inserting com
plete sets of states one can derive the following analog of
Lehmann-Ka¨llen spectral representation for a scalar propa
tor

^f~t!f~0!&b5E
0

`

dvr~v!
coshv~t2b/2!

2v sinh~bv/2!
, 0<t<b.

~28!

Here the spectral density is given by

r~v!5
1

Z (
m

e2bEm (
n.m

u^nufum&u2 2v~12e2bv!

3d~v2En1Em!.

We will apply this spectral decomposition to the fieldsdfa ,
writing their momentum-space propagator as

D l
25E

0

`

dvr~v!
1

~2p l /b!21v2 . ~29!
2-6
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We can regardr(v)dv as the number of single-string m
crostates having an energy betweenv andv1dv.4 By ex-
panding the propagator at large momentum as discusse
Appendix B, note that the spectral density should satisfy

E dvr~v!51, E dvr~v!v25mD
2 ~30!

wheremD
2 is the asymptotic mass~B9!.

An interesting problem, motivated by our discussion
supergravity in Sec. II, is to determine the energies of
lightest and heaviest string statesvmin andvmax. It is easy to
put bounds on these quantities, as follows. From Eq.~30! we
have

mD
2 5E dvr~v!v2<vmax

2 .

Also one can use Eq.~28! to show that

cosh~bvmin/2!<
^f~0!f~0!&b

^f~b/2!f~0!&b
. ~31!

Thus we have an upper bound onvmin , and a lower bound
on vmax. These bounds are shown in Fig. 1. Note that as
temperature decreases,vmin develops a rather sharp platea
at small radius. We take this to indicate that the probe
started to come to equilibrium with the black hole, in t
range of Higgs VEVs corresponding to the plateau.

Let us point out a few features of these results, assum
that the actual values ofvmin andvmax are close to saturating
the bounds we have derived. At large radius the masses
roughly given by the classical formulamW5R. But at small
radius and low temperature, we see clear evidence both
very light states, with a mass of order the temperature,
for heavy states, with a mass of order the ’t Hooft sc
(gY M

2 N)1/3. The light states are expected, based on our
cussion of supergravity in Sec. II. The heavy states are
degrees of freedom which must be integrated out, as in
III A, in order to recover a local supergravity description.

We now turn to the problem of directly determining th
spectral density. In principler(v) is uniquely determined
given the momentum-space propagators evaluated at an
nite number of Matsubara frequencies and some assump
about the behavior of the propagators at infinity. In practi
however, it is difficult to determiner(v) by inverting Eq.
~29!. The integration over frequency smooths out featu
present inr(v). Consequently the inversion process has
opposite effect, and suffers from numerical instability.

4In Minkowski space the propagator has a branch cut along
support ofr. Ordinarily this would reflect multi-particle intermedi
ate states. In the case at hand the branch cut arises because th
N different W bosons which can be created by the operatordfa ,
and in the large-N limit theseW bosons have a continuous distr
bution of masses.
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To obtain results for the spectral density we used the
lowing prescription. First we continued the gap equatio
~B3!–~B7! to general Euclidean momenta, by writing, fo
example

e2~k!

D2~k!e2~k!1„g~k!…2
5k21

4

b (
l

D̂ l
2e2S 2k2

2p l

b D
1

4

b (
l

ê l
2D2S 2k2

2p l

b D
1

8

b (
r

ĝrgS 2k2
2pr

b D . ~32!

Then we obtained solutions to these equations forR>0.25 at
b52.0,3.0,4.0. Below this value ofR, and for larger values
of b, it became difficult to obtain physical solutions to the
equations. Figure 2 shows the results of this procedure.
obtaining the propagators at frequencies intermediate to
Matsubara frequencies, we are able to obtainr(v) with a
much finer resolution than the spacing between Matsub
frequencies 2p/b.

Finally, to reconstruct the spectral densities, we use
constrained Tikhonov regularization@17#. The essential idea
is to numerically minimize a discretization of

(
l
UD l

22E
0

`

dv
r~v!

~2p l /b!21v2U1l2E dvUdr

dvU .

~33!

The minimization is performed subject to the constraint t
r>0. We also add terms corresponding to the constra
~30!. The extra term dependent on the parameterl makes the
matrices that appear in the inversion process w
conditioned. By choosing this extra term proportional to t
norm of the derivative ofr we enforce smoothness of th
solution, which helps to suppress numerical instabilities.
can actually choose this term to be quite smalll51024, so
that the contribution of the regulator to Eq.~33! is negligible.
We should emphasize that no starting ansatz is neede
perform the minimization, so no prior knowledge about t
final form of the solution is used as input, other than t
features already mentioned. The spectral densities that re
are shown in Figs. 3 and 4.

With this prescription, we believe we have obtained re
able results for the spectral density. The prescription se
to work best if the radius is not too large; the small pea
seen at largev (v*5) in Fig. 4 may be numerical artifacts
since perturbative quantum mechanics predicts a single p
at largeR. However the relative weight of these small hig
frequency peaks decreases asR increases, consistent wit
perturbative expectations. More disturbing is the fact that
dominant peak appears to get wider at largeR, in contrast to
the perturbative result that there is a single peak which
comes sharper asR increases. This behavior appears to be
artifact of the Tikhonov regularization. We have checked t
the largeR propagators can be well fit by a single Lorentzi
spectral peak which becomes narrower asR increases. As a

e

e are
2-7
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IIZUKA, KABAT, LIFSCHYTZ, AND LOWE PHYSICAL REVIEW D 65 024012
check of our results, a comparison of the propagator rec
structed from the spectral density and the original mean-fi
propagator is shown in Fig. 2. The reason these do not a
more precisely is that we have imposed a positivity co
straint on the spectral density. By only partially summi
Feynman diagrams, we have preserved unitarity only
proximately, so the spectral weight which would exactly
produce the mean field propagator need not be positive.
reasonable agreement seen in Fig. 2 provides us with a g
indicator for how well the mean field approximation is wor
ing.

Let us make some comments on the spectral densities
have obtained, neglecting the numerical artifacts which se
to be present forv*5. A striking feature of our results fo
the spectral density is a bimodal distribution of W masse
sufficiently small radii. The results of@5# indicate that the
supergravity regime should correspond to approximatelyR

FIG. 1. ~Color! Bounds onvmin and vmax vs R. Red: b50.1
~perturbative regime!; blue: b50.9; green:b53.8. The short hori-
zontal lines mark the corresponding temperatures.

FIG. 2. ~Color! The propagatorD2(k), obtained by solving Eq.
~32! at b53.0 andR50.25. The blue curve is the continued prop
gator. The green curve is reconstructed from the spectral dens
02401
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<2. At R.2 we find a single dominant peak in the spect
density, consistent with what is expected from the pertur
tive quantum mechanics. However asR decreases below th
scale where supergravity becomes a good approximation
find two peaks in the spectral density. This suggests that o
we enter this regime, two different types of fundamen
strings are contributing to the spectral weight. One set
between the probe brane and the black hole horizon. Th
become light asR decreases, and account for the entropy
the black hole in the limitR→0. Another set of fundamenta
strings appear to run off to the strongly curved asympto
region of the supergravity background. As can be seen fr
Fig. 3 the sum of the positions of the two peaks at a giveR
is roughly 3.5, independent ofR. This is consistent with the
above interpretation.

A key feature of the spectral density is that a large num
of light W boson states are present whenR is small. We plot
the lightestW mass as a function ofR in Fig. 5 @we define
this as the frequencymW which satisfies*0

mWdvr(v)50.1#.

.

FIG. 3. ~Color! The spectral densityr(v) at b53.0. Dark blue:
R51.0; green:R50.75; red:R50.5; light blue:R50.25.

FIG. 4. ~Color! The spectral densityr(v) at b53.0. Dark blue:
R54.0; green:R53.0; red:R52.0; light blue:R51.5.
2-8
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PROBING BLACK HOLES IN NONPERTURBATIVE . . . PHYSICAL REVIEW D 65 024012
At large R we find mW'R. As R decreasesmW also de-
creases. At some radiusmW becomes of order the temper
ture and thermalization starts to occur. We identify this
dius with the stretched horizon of the black hole. Note t
the radius of the stretched horizon decreases with temp
ture, as expected.

Our reconstruction of the spectral density shows that
energy of the lightestW is approximately constant at sma
radius, for example atb53.0 we findmW'0.4 for R&0.5.
This is compatible with the bound~31!, which requiresmW
,0.51 atR50. This energy scalemW is indeed comparable
to the temperature 1/b50.33. Thus absorption of the prob
by the black hole can be understood as thermal restoratio
U(N11) gauge symmetry.

V. PROBE POTENTIAL: RECONSTRUCTING THE
SPACETIME METRIC FROM QUANTUM MECHANICS

We wish to compare the probe free energy to the sup
gravity potential. To do this in a meaningful way, we mu
first determine how the supergravity radial coordinateU is
related to the Higgs expectation valueR. The precise rela-
tionship can be obtained by comparingW masses, as follows

Consider the mass of the lightestW boson in the quantum
mechanics. At largeR, where supersymmetry is restored a

FIG. 6. ~Color! The probe free energybF vs R, at b53.0. The
curve shows the Born-Infeld action~10! with the overall tension fit
to the data.

FIG. 5. ~Color! The lightestW mass as a function ofR at b
52.0 ~red!, b53.0 ~green! andb54.0 ~blue!.
02401
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the quantum mechanics is weakly coupled, we can determ
W masses perturbatively; a perturbative calculation gi
mW5R1O(1/R). As R becomes small, however, the spe
tral analysis of the previous section indicates that the mas
the lightest W goes to a constant of order the Hawking te
peratureT. To find a useful analytic form that captures bo
these limits, we fit the lightestW mass to the following an-
satz:

mW5H T1aR2, R,R0 ,

R1b/R, R.R0 .
~34!

HereR0 is an adjustable parameter, while the constantsa and
b are fixed by demanding continuity ofmW(R) and its first
derivative atR5R0. Fitting the ansatz to the data poin

FIG. 7. ~Color! Comparison of the scalar propagators at smalR
in the full mean field approximation~blue circles! and the truncated
mean field approximation~green3 ’s!, at b53.0.

FIG. 8. ~Color! Bosonic contribution to the probe entropy vsR
at b52.0 ~red!, b53.0 ~green! andb54.0 ~blue!. The edge of the
eigenvalue distribution~17! lies at aboutR51.8. Numerical calcu-
lations were performed at the indicated points.
2-9
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IIZUKA, KABAT, LIFSCHYTZ, AND LOWE PHYSICAL REVIEW D 65 024012
shown in Fig. 5 yields the interpolating curves also sho
there, withR051.5 at b52.0, R051.2 at b53.0, andR0
51.0 atb54.0.

On the other hand a supergravity computation of theW
mass givesmW5(U2U0)/2p ~11!. This is the mass of a
string which stretches from the probe to the horizon of
black hole. It seems appropriate to identify the mass of
string with the mass of the lightestW boson in the quantum
mechanics. Thus we take the relation betweenU andR to be

U2U0

2p
5H T1aR2, R,R0 ,

R1b/R, R.R0 ,
~35!

whereU0 is given by the supergravity relation~4!. Of course
this relation is only trustworthy in the region where sup
gravity makes sense, i.e., between the stretched horizo
the black hole and the region of large curvatureU
;(gY M

2 N)1/3.
Let us make a few comments on this change of coo

nates. Our results for the potential will not require the ans
~35!; we could invert the relation betweenmW andR given
by the data in Fig. 5, and express everything in terms ofmW .
However one may wonder whether the ansatz~35! captures
the correct functional relation betweenU and R. Another
functional form has been proposed in the literature@7,18#:

R7/25
1

2 XS U

2p D 7/2

1AS U

2p D 7

2S U0

2p D 7C. ~36!

This predicts that the relation

mW5
U2U0

2p
5

1

R XR71
1

4S U0

2p D 7C2/7

2
U0

2p

should hold in the supergravity regime. Suppose one ma
an O(T) correction to this formula, and takes

mW5
1

R XR71
1

4 S U0

2p D 7D 2/7

2
U0

2p
1T. ~37!

With U0 regarded as an adjustable parameter, one can g
quite good fit to the data shown in Fig. 5. Within our nume
cal accuracy, we cannot claim to distinguish between the
proposals~35! and ~37!.

In Fig. 6 we show a plot of the probe free energy as
function ofR, obtained by evaluating Eq.~27! at b53.0. The
continuous curve is the supergravity prediction for the eff
tive potential~10!. TheU coordinate is fixed using the rela
tion ~35! and the overall tension in the DBI action~8! is
adjusted to fit the data. Note that we do not expect the ove
coefficient to be accurately reproduced by the mean fi
approximation—in@5#, where a complete mean-field calc
lation of the free energy of the background was perform
there was a 50% discrepancy between the predicted co
cient and mean field, although the scaling exponent w
temperature was reproduced to within a few percent. In
probe mean-field calculations we have not included
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gauge multiplet or the 7th scalar multiplet, and these field
are expected to make a substantial contribution to the ove
coefficient.

Figure 6 shows remarkable agreement for the shape o
potential. TheU vs R relation ~35! is crucial in obtaining
such good agreement. Because the supergravity effective
tential depends in such a detailed way on the form of
black hole metric, we see that the mean field approximat
in the quantum mechanics is accurately reproducing
spacetime physics of the black hole geometry.

One caveat is worth mentioning. The free energy of
probe~27! falls off like 1/R3 at large radius. This behavior i
a consequence of theN52 supersymmetry of the truncate
action~24!. Note that supergravity has a potential~10! which
falls off like 1/U7 far outside the horizon~at U@U0). Thus
with the truncation~24! we could not hope to see agreeme
with the long-distance behavior of supergravity. Fortunate
in the temperature range we are studying, the horizon ra
U0 is large enough that the shape of the supergravity ef
tive potential is dominated by the square root singularity
U→U0. It is not particularly sensitive to whetherU7 appears
or some other power ofU appears in the potential. Thi
makes it possible for the truncated probe theory to reprod
well the shape of the potential.

Finally, let us discuss the behavior at small radius. T
gauge theory has the property that asR→0 the probe
0-brane becomes indistinguishable from theN 0-branes that
make up the black hole background. This is clear from
form of the expectation value~16!. This behavior is compat-
ible with the properties of supergravity discussed at the
of Sec. II: the free energy of a probe that has come to eq
librium with the black hole can be obtained from the fr
energy of the background, simply by shiftingN→N11.

This behavior is respected by our approximation, in t
sense that asR→0 the gap equations for the W propagato
in the theory~23! become identical to the one-loop gap equ
tions which we used to describe the black hole backgro
in @5#. When we truncated the action, going from Eq.~23! to
Eq. ~24!, we slightly violated the property that the bac
ground andW propagators agree atR50. We can use this to
test the validity of the truncation. A comparison of the sca
propagator atR50.1 in our truncation, and the correspon
ing propagator for the background, is shown in Fig. 7. T
zero frequency modes differ by about 20%, however t
discrepancy rapidly decreases for the higher Matsub
modes: atk52p/b the difference is 9%, and becomes le
than 1% fork>14p/b.

The free energy is rather more sensitive to the trunca
than the propagators themselves. In the truncated probe m
field approximation we findbFprobe525.7 asR→0 at b
53.0, whereas a complete mean-field calculation would g
bFprobe522.0 at R50 ~this follows from shiftingN→N
11 in the results of@5#!. These free energies should be com
pared to the supergravity predictionbFprobe520.80 for a
probe in equilibrium with the black hole~13!. We see that the
full mean field is off by a factor of 2.5 from the supergravi
prediction, while the truncated probe mean field is off by
factor of 7. The dominant source of the discrepancy betw
the two mean field results is the zero mode of the gauge fi
2-10
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PROBING BLACK HOLES IN NONPERTURBATIVE . . . PHYSICAL REVIEW D 65 024012
The fact that the shape of the curves in Fig. 6 match so w
suggests that the extra contribution due to the gauge
mode leads only to a renormalization of the probe mass,
does not alter the overall shape of the potential. We plan
extend the probe mean field approximation to include
gauge multiplet, as well as the 7th scalar multiplet, in future
work. This will be important for seeing a more detaile
matching of the probe mass, and also to resolve finer feat
of the probe effective potential.

VI. PROBE ENTROPY

We now turn to computing the entropy of the probe a
function of radius. Our expectation is that outside t
stretched horizon, where supergravity is valid, the entropy
the probe should be very small.~In fact, according to classi
cal supergravity, the entropy of the probe is exactly ze!
However as the probe reaches the stretched horizon lightW’s
become thermally excited, and the probe acquires a non
entropy. This should provide a clear signal for the breakdo
of supergravity at the stretched horizon of the black hole

We wish to compute the entropy of the probe while ho
ing the mass of the black hole~and the radius of the probe!
fixed. In the imaginary time formalism, the temperature
the probe is tied to the temperature of the black hole. T
means we cannot compute the entropy using the canon
ensemble. Rather we have to define the probe entropy m
canonically. This is easily done, given the spectral repres
tation ~29!. We merely have to integrate the spectral dens
against the entropy of a harmonic oscillator with frequen
v and temperature 1/b

Sprobe5NE dvr~v!S bv

2 tanh~bv/2!
2 log„2 sinh~bv/2!…D .

~38!

The resulting entropy is shown in Fig. 8.@This is the entropy
of a singleW boson; to get the bosonic entropy of the fu
theory ~24! one should multiply by 6.# Of course there are
also fermionic strings, which make an~additive! contribution
to the total entropy, but the bulk of the entropy comes fro
the bosons.

We can see that the probe entropy is small at the edg
the eigenvalue cloud. For a spectral density of the sort
obtained in Sec. IV, Eq.~38! predicts that the probe entrop
is exponentially small outside the stretched horizon, roug
Sprobe;e2bmW;e2bR. It only begins to increase dramat
cally at a considerably smaller radius, which we ident
with the stretched horizon of the black hole. As can be s
in Fig. 8, the stretched horizon moves to smaller values oR
as the temperature decreases. Also note that the entrop
creases more suddenly at lower temperatures. Both these
tures are in accord with the supergravity expectation~12!.

VII. AN ENTROPY-RADIUS RELATION

As a final topic, we discuss an interesting relation b
tween the entropy of a black hole and the radius of the bl
hole horizon. In this section we do not use a 0-brane pro
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although much of what we will say is motivated by the r
sults of the previous sections.

Within the context of our mean-field approximation@5#,
the black hole is modeled as a collection ofN2 independent
degrees of freedom. Letr(v) be the corresponding spectr
density for the bosons. Then the entropy of the black hol
given by a formula analogous to Eq.~38!,

Sbh;N2E dvr~v!S bv

2 tanh~bv/2!
2 log„2 sinh~bv/2!…D

~39!

where we have neglected a small contribution from the f
mions. The spectral density of the black hole backgrou
should be identical to the spectral density of a probe at v
small radius. Having analyzed the probe spectral density,
expect thatr(v) has two peaks, one centered aroundv;T
and one centered around much higher frequencies. More
these peaks are very narrow. So up to a coefficient, the b
hole entropy is just given by the area of the first low
frequency peak

Sbh;N2E
first peak

dvr~v!. ~40!

Now let us obtain an expression for the radius of the bla
hole horizonRh . We will define this, not in terms of a prob
brane, but rather as in Sec. 5 of@5#, in terms of the 2-point
function of the time-averaged scalar fields~19!. In terms of
the spectral representation~28! we have

Rh
2[^f̄2&5E

0

L

dvr~v!
1

2v tanh~bv/2!
~41!

where L is a high-frequency cutoff, corresponding to
choice of resolving time used to define the size of the bla
hole. L should be chosen to keep only the light modes,
modes which are described by supergravity. Sincer(v) has
a bimodal distribution, there is a natural set of frequencies
exclude; we take the horizon size to be given by just in
grating over the first low-frequency peak. As the peak
narrow and concentrated aroundv;T we get ~up to a nu-
merical factor!

Rh
2;bE

first peak
dvr~v!. ~42!

Combining Eqs.~40! and ~42! we get a nontrivial relation-
ship between the horizon radius and entropy of the bl
hole. Restoring units

Sbh;
N2TRh

2

gY M
2 N

. ~43!

Note that we have obtained this relationship strictly with
the gauge theory.

Remarkably, however, a supergravity relationship of t
form is valid for all black holes that arise as the near-horiz
geometry of black p-branes. The supergravity relationshi
2-11
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Sbh;
N2TU0

2

gY M
2 N

~44!

where the constant of proportionality depends on the dim
sion of the brane. This relationship was noticed in Appen
C 2 of @4#.

There are a few points worth mentioning about this de
vation.

~1! The gauge theory measures the horizon radiusRh in
terms of a Higgs field, while supergravity measures the
rizon radiusU0 in terms of the radial coordinateU. The two
coordinates are not the same. However in the range of t
peratures we have studied, the two coordinates do not d
significantly. Also the considerations of@7,18# suggest that
Rh is always proportional toU0.

~2! The expression~39! is only the leading expression fo
the entropy in the mean-field approximation. There is an
finite series of perturbative corrections to the leading me
field result. As suggested in@4#, these higher corrections ma
only change numerical coefficients, which we have anyw
ignored.

We take the agreement between Eqs.~43! and ~44! to
mean that the assumptions which went into deriving Eq.~43!
are qualitatively correct. In particular, this supports our cla
that the spectral distribution has a clear separation of l
and heavy degrees of freedom, and has a narrow pea
frequenciesv;T.

VIII. CONCLUSIONS

In this paper we studied a 0-brane probe of a t
dimensional nonextremal black hole, directly in terms of t
dual strongly coupled quantum mechanics. We described
black hole background using the mean-field methods of@5#.
Following Susskind@15#, we showed that a localized prob
could be described in the quantum mechanics, once a
able resolving time has been introduced. We studied
spectral representation of theW propagators, and found tha
light states are present in the quantum mechanics when
the probe is inside the stretched horizon. These light st
provide a mechanism for the black hole to absorb infall
matter, along the lines suggested in@11#. It would be quite
interesting if these light states could be related to the li
fractionated monopoles which Mathur proposed as an
sorption mechanism for certain black holes@19#.

Given theW propagators, it was straightforward to com
pute the free energy of the probe. We showed that outside
stretched horizon the probe potential was in accord with
pergravity expectations. However the probe acquires a n
zero entropy once it enters the stretched horizon, as the
W states become thermally excited. This provides a c
signal that supergravity breaks down at the stretched hor
of a black hole, at least according to a Schwarzschild
server.

There are several interesting directions in which o
could extend the results of this paper. For example, for s
plicity we studied a truncated model for the probe~24!, in
which several fields were suppressed. But one can solve
02401
n-
x

-

-

-
er

-
-

s

t
at

-
e
he

it-
e

er
es

t
b-

he
-

n-
ht

ar
n
-

e
-

he

full model ~23!, using essentially the same techniques. T
should lead to improved results, in particular for the pro
effective potential. Another interesting problem would be
study a probe with nonzero velocity. One could then co
pute, not only the probe potential, but also the probe kine
terms. One could then hope to identify the nontrivial cau
structure of the black hole metric~1!, as reflected in the
probe effective action~9!.
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APPENDIX A: NÄ2 SUPERSPACE

With N52 supersymmetry we have anSO(2) R symme-
try, with spinor indicesa,b51,2 and vector indicesi , j
51,2. TheSO(2)R Dirac matricesgab

i are real, symmetric,
and traceless. Given two spinorsc and x, there are two
invariants one can make, which we denote by

caxa and caxa[
i

2
eabcaxb .

N52 superspace has coordinates (t,ua), whereua is a col-
lection of real Grassmann variables that transform as a sp
of SO(2)R . The simplest representation of supersymmetry
a real scalar superfield~complex conjugation reverses th
order of Grassmann variables!

F5f1 icaua1 f u2.

It contains a physical real bosonf and a physical real fer-
mion ca , along with a real auxiliary fieldf. To describe
gauge theory we introduce a real spinor connection on su
spaceGa , with component expansion

Ga5xa1A0ua1Xigab
i ub1deabub12eablbu2.

The fieldsXi are physical scalars, whilela are their super-
partners,d is an auxiliary boson,xa are auxiliary fermions,
andA0 is the (011)-dimensional gauge field.

To write a Lagrangian we introduce a supercovariant
rivative

Da5
]

]ua
2 iua

]

]t
~A1!

and its gauge-covariant extension

¹a5Da1Ga . ~A2!

The action forN 0-branes is built from a collection of seve
adjoint scalar multipletsFA that transform in the7 of a
2-12
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G2,SO(9) global symmetry, coupled to aU(N) gauge
multiplet Ga . The action reads

S5
1

gY M
2 E dtd2uTrS 2

1

4
¹aFi¹aFi2

1

2
¹aFA¹aFA

2
i

3
f ABCFA@FB ,FC# D . ~A3!

HereFi5
1
4 gab

i $¹a ,¹b% is the field strength constructed from
Ga , and f ABC is a totally antisymmetricG2-invariant tensor,
normalized to satisfy
02401
f ABCf ABD5
3

2
dCD . ~A4!

APPENDIX B: EFFECTIVE ACTION AND GAP
EQUATIONS

The propagators~25! correspond to a Gaussian trial actio
for the off-diagonal fields~with a similar action for tilded
fields!
sing

e

S0~dF,dF†!5(
a,l

~df āl
† d f āl

†
!S D l

2 ig l

ig l e l
2 D 21S dfal

d f al
D 1 i(

a,r
~dc1ār

† dc2ār
†

!S gr 2hr

hr gr
D 21S dc1ar

dc2ar
D . ~B1!

The 2-loop 2PI effective action discussed in@4,5# is defined by5

bF5bF01^S2S0&02
1

2
^~SIII

2 !&c,0

wherebF0 is the free energy of the trial action~B1!, S2S0 is the difference between the full action~24! and the trial action
~B1!, andSIII refers to cubic terms in the full action. A subscriptC,0 denotes a connected expectation value computed u
the trial action. In the present case, the effective action is given by

bF526N(
l

log„D l
2e l

21~g l !
2
…16N(

r
log„~gr !

21~hr !
2
…1

6N

gY M
2 (

l
XS 2p l

b D 2

D l
222Rg l1e l

222gY M
2 C

2
12N

gY M
2 (

r
S 2pr

b
gr2Rhr2gY M

2 D1
24N2

gY M
4 b

(
l 1m1n50

D l
2D̂m

2 en
21

12N2

gY M
4 b

(
l 1m1n50

D l
2êm

2 Dn
21

24N2

gY M
4 b

(
l 1m1n50

g lD̂m
2 gn

1
48N2

gY M
4 b

(
l 1r 1s50

grĝsD l
21

24N2

gY M
4 b

(
l 1r 1s50

grD̂ l
2gs2

24N2

gY M
4 b

(
l 1r 1s50

hrD̂ l
2hs . ~B2!

The effective action respects ’t Hooft large-N scaling, so all factors ofgY M
2 N can be eliminated from Eq.~B2! by appropriate

rescalings of dimensionful quantities. For example, one sets

b5b8/~gY M
2 N!1/3, R5R8~gY M

2 N!1/3, D l
25~gY M

2 N!1/3D l8
2/N.

The rescaled effective action, with the overall factor ofN suppressed, is given in Eq.~27!. Requiring that the rescaled effectiv
action is stationary with respect to variation of the propagators gives rise to the following set of gap equations:

e l
2

D l
2e l

21~g l !
25S 2p l

b D 2

1
4

b (
m1n52 l

D̂m
2 en

21
4

b (
m1n52 l

êm
2 Dn

21
8

b (
r 1s52 l

ĝrgs ~B3!

D l
2

D l
2e l

21~g l !
2511

4

b (
m1n52 l

D̂m
2 Dn

2 ~B4!

g l

D l
2e l

21~g l !
252R1

4

b (
m1n52 l

D̂m
2 gn ~B5!

5This quantity was denotedI eff in @5#.
2-13



r of the

IIZUKA, KABAT, LIFSCHYTZ, AND LOWE PHYSICAL REVIEW D 65 024012
gr

~gr !
21~hr !

25
2pr

b
2

4

b (
l 1s52r

ĝsD l
22

4

b (
l 1s52r

D̂ l
2gs ~B6!

hr

~gr !
21~hr !

2 52R1
4

b (
l 1s52r

D̂ l
2hs . ~B7!

By comparing Eqs.~B4! and ~B5!, note thatg l52RD l
2 .

An important aid in finding numerical solutions to the gap equations is to solve for the large-momentum behavio
propagators analytically@5#. At large momentum we find that the propagators have the behavior

D l
2'

1

~2p l /b!21mD
2 , g l'

2R

~2p l /b!21mg
2 , e l

2'
~2p l /b!2

~2p l /b!21mD
2 ,

gr'
2pr /b

~2pr /b!21mD
2 , hr'

2R

~2pr /b!21mh
2 , ~B8!

where the asymptotic masses are given by

mD
2 5R21

4

b (
l

D̂ l
21

4

b (
l

D l
2

mg
25R21

4

b (
l

D̂ l
21

8

b (
l

D l
21

4

bR (
l

g l ~B9!

mh
25R21

4

b (
l

D̂ l
21

8

b (
l

D l
21

4

bR (
r

hr .
O

nk

w

e
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