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Probing black holes in nonperturbative gauge theory
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We use a O-brane to probe a ten-dimensional near-extremal black hol& witits of 0-brane charge. We
work directly in dual strongly coupled quantum mechanics, using mean-field methods to describe the black
hole background nonperturbatively. We obtain the distributioiVdfoson masses, and find a clear separation
between light and heavy degrees of freedom. To localize the probe we introduce a resolving time and integrate
out the heavy modes. After a nontrivial change of coordinates, the effective potential for the probe agrees with
supergravity expectations. We compute the entropy of the probe, and find that the stretched horizon of the black
hole arises dynamically in quantum mechanics, as thermal restoration of untu¢kenl) gauge symmetry.
Our analysis of quantum mechanics predicts the correct relation between the horizon radius and entropy of a

black hole.
DOI: 10.1103/PhysRevD.65.024012 PACS nunifer04.70.Dy, 11.25.Sq
I. INTRODUCTION In [4,5] we developed a mean-field approximation scheme

for the quantum mechanics & DO-branes. Similar tech-

For many years it has been an outstanding challenge taiques have been applied to matrix integral§6h The ap-
develop a microscopic understanding of black hole physicsproximation can be applied at strong coupling, and gives
Many properties of black holes can be easily understood Uswsyits for thermodynamic quantities which are in good

ing classical or semiclassical gravity. For example the notion, eement with semiclassical black hole predictions, at least

of a horizon arises in classical gravity, while semiclassicaly o 5 certain range of temperatures. This supports the claim
considerations show that a horizon has an associated ther

Mat the dual quantum mechanics can account for the

dynamic entropy. But ultimately we must understand hOV\.’Hawking-Bekenstein entropy. But to address the other ques-

these semiclassical properties arise from a ICTOSCOPIE s listed above, we need a probe that is sensitive to the
theory of quantum gravity.
geometry of the black hole.

The development of nonperturbative definitions of string . .
theory[1] has given a new perspective on these problems. In N the present paper, we introduce an additional DO-brane
particular string theory in the background of a ten-aS @ probe of the black hole geometry. It is easy to describe

dimensional nonextremal black hole withunits of O-brane ~ the probe in terms of classical supergravity. In the dual quan-
charge is known to have a dual description in termbl ON) tum mechanics, the description is in terms of a gauge theory
gauged supersymmetric quantum mechanics with sixteen sg§pontaneously broken 9(N) < U(1). Wewill make use of
percharge$2]. We would like to understand how the semi- our mean-field approximation to describe the quantum me-
classical physics of black holes emerges from dual quanturnhanics of theU(N) black hole background. There are a
mechanics. Can we recover the classical geometry of theumber of interesting questions that we can address in this
black hole? Can we understand the horizon in terms of misetting. Can one describe a localized probe in the quantum
croscopic physics? Can we account for the Hawking-mechanics? Can one recover the expected effective potential
Bekenstein entropy? for the probe? What physics is responsible for the horizon of
These questions are not easily answered, because dubk black hole?
guantum mechanics is strongly coupled whenever semiclas- An outline of this paper is as follows. In Sec. Il we review
sical supergravity is valif2]. In some cases, one can rely on the supergravity description of a DO-brane probe of the black
supersymmetric nonrenormalization theorems to calculate dtole background. In Sec. Il we apply mean-field methods to
strong couplind 3]. But to make progress in a more generalthe dual quantum mechanics problem, and show that we can
setting, we need nonperturbative methods to study quantuiocalize the probe by introducing a resolving time in the
mechanics. guantum mechanics. In Sec. IV we perform a spectral analy-
sis of 2-point functions in the quantum mechanics, to obtain
the microscopic density of single-string excitations. We show

*Email address: iizuka@phys.columbia.edu that light states are present at the horizon; thus the horizon
"Email address: kabat@phys.columbia.edu can be understood as thermal restoration of unbrd4éN

*Email address: giladi@research.haifa.ac.il +1) gauge symmetry in the quantum mechanics. In Sec. V
SEmail address: lowe@het.brown.edu we show that the effective potential for the probe agrees with
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supergravity expectations. The microcanonical entropy of the 22132¢7 14 1/5 T 9/5

probe is computed in Sec. VI. In Sec. VII we show that our BF= —(—19 2—1/3)

results imply a correct relation between the horizon radius 7 (gymN)

and entropy of a black hole. Section VIII gives some conclu- 18

sions and directions for future work. 4115 N2 T ) . 5
(g7uN)°

II. SUPERGRAVITY PREDICTIONS Duality predicts that the quantum mechanics should have the

We begin with a review of the supergravity description of same free energy. The supergravity description is expected to
the probe or black hole system. We will be able to extract 2e valid when the curvature and the dilaton are small near
number of useful predictions about the behavior of the duathe black hole horizon. This regime corresponds to the 't
guantum mechanics. Hooft largeN limit of the quantum mechanics, together with

Our focus will be on the near-horizon region of a ten-the requirement that the effective 't Hooft coupling in the
dimensional nonextremal black hole in type IIA supergravity.quantum mechanics
The black hole is taken to haw units of DO-brane charge, > 2 3
so that the dual quantum mechanic4JiéN) gauged super- 9err=9ymN/T ©
symmetric quantum mechanics with sixteen superchargeI

S .
[2]. In the near-horizon region the string-frame metric of the fes in the range

black hole is given by 1<g§ﬁ<Nlo/7. @)

cY2(g2,,N) V2 Note that the quantum mechanics is strongly coupled when-
ds’=a'| —h(U)dt?+h~1(U)dU?+ ‘M dﬂg ever semiclassical supergravity is vaJl.
y32 A O-brane probe of this supergravity background is de-
scribed by the action
U7/2 U7
h(U)=—>—5 5| 1~ —(7) () S= _Tof dte"ﬁ\/—detG—ToJ dtA, (8
¢ (gymN) u

s where the tension of a 0-brane Tg=1/gs\/a’. Evaluating
wherec= 277 (7/2) andgyy=gs/47*(a’)¥?is the cou- this on the black hole backgrourit)—(3) gives the effective
pling constant of the dual gauge theory. The dilaton profile isaction for the probe in the decoupling linjit,8]

given by
S ! f dt v’ ( 1 Ug )
3/4 =- -1+
ob_ 1 CQ\Z(MN) @ 4722y, cgyN 2u’
(a")¥2\ U7 7\ 34 12, 2 N172
U 1 ., ¢ gywN)™
. . =3 h(U)— h(U)‘J B TR
and there is a Ramond-RamufRIR) 1-form potential8] cgymN U
9
"2y 7 7
Ay=1+ (a 2) Vil _ 1+ U_07 +0(a'). (3)  (we dropped a constant term, the rest energy of the probe at
cogyuN 2U infinity). From the action we can read off the effective po-
tential for a static probe:
The horizon of the black hole is locateddt= U, which N 7 07 2
corresponds to a Hawking temperature Vo= — (i) ( 1__3_1) . (10
15(gfuN)? | 27 u
5/2
T= ’ (g2 N)1/2<_0) Note that the effective potentidll0) is singular at the
2730 oM 27 horizon of the black hole. A singularity in a low-energy ef-
5o fective action suggests that massless degrees of freedom
—0.2034 (g2N)~ 2 ﬁ @) have been improperly integrated out. To see that this is in-
' Gvm 2w deed the case, considewW bosons:” open strings which can

stretch between the probe 0-brane and the black hole. The
nergy of these strings can be computed by evaluating the

This is the temperature measured with respect to th :
ambu-Goto action

Schwarzschild time coordinateSincet is identified with the
time coordinate of the dual gauge theory, the dual quantum 1
mechanics is to be studied at the same finite temperature. Sne=—

The black hole has a free ener] 2m7a’

f d?c\/—detG
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on a string world sheet which starts at the horizon and endge black hole,BF probe= BVeilu_u.. This rather surprising
on the probe. A straightforward calculation gives an energyeqincidence was noted and expla(l)inec{]JQ].
measured with respect to the Schwarzschild time coordinate 1 petter understand the absorption process, note that the

t, equal to energy and entropy of a probe in equilibrium can be obtained
1 from the corresponding black hole quantities by shiftMg
mW:Z(U —Uy). (1) —N+1. That is, they are given by
This is identical to the calculations pf0], performed in the 221312,,14) 15 s s 155
context of studying Wilson lines at finite temperature. probe— 53714 N(gymN) (g\Z(MN)lB

The energy of these strings indeed goes to zero as the
probe approaches the horizon. [hl] it was argued that
these massless degrees of freedom are responsible for the 22632714\ 10
singularity of the supergravity effective potentid0). We robe W
conclude that the supergravity description of the probe
breaks down when the probe gets too close to the horizon, at ] » )
least according to a Schwarzschild obsefvém the full ~ Note that the probe acquires positive energy as it comes to
string theory(or dual quantum mechanicsvhich takes these eqwhbnum with thg black ho!e. Th|s_|s in sharp contra_st to
light degrees of freedom into account, thé bosons will the negative attractive potentid0) which is present outside

become thermally excited as the probe approaches the hoff€ stretched horizon. Moreover the probe acquires entropy
zon. once it is inside the stretched horizon, associated with the

To estimate the radius of the “stretched horizon” at which €xcited W-boson degrees of freedom. By contrast, outside
this thermalization starts to occur, we compare the energy dhe Stretched horizon the probe entropy is very srd-
aW boson(11) to the temperature of the black hal®) (the cordlng.to classical supergravity, it is exa(_:tly z_)erEFhus
comparison is meaningful, since both energies are measurésorption of the probe by the black hole is driven by the
with respect to the same Schwarzschild time coorditpte ncrease in entropy, which more than makes up for the cost in

Settingmy,=T gives the radius of the stretched horizon ~ ©€Nergy.

9/5
T

(g\Z(MN)”S 19

3/2
U0 I1l. GAUGE THEORY CALCULATIONS
Ustretched:UO(1+ \/3—(1277)5,2( (g%MN)m) ) (12

At this radius stringy degrees of freedom start to becom
thermally excited, so the supergravity description of th
probe breaks down, and the classical black hole geoni@try
is no longer reliable.

For an accurate description of physics inside the stretche
horizon, we must turn to the dual quantum mechatocsull

We now turn to the dual gauge theory description of the
robe or black hole system, and apply mean-field methods
5] to study the quantum mechanics at strong coupling.

Our starting point isU(N+1) gauged supersymmetric

quantum mechanics with sixteen supercharfey. As in
qur previous work, we will describe the quantum mechanics
using the language ofV=2 superspace. This formalism
makes\/=2 supersymmetry manifegout of the underlying

string theory. There we see that lightV bosons are rapidly - .
created, so the probe quickly thermalizes with the black hole’V="16)- It also makes manifest @,x SO(2) subgroup of
ihe underlyingSQ(9) rotational invariance.

Once the probe 0-brane has come to thermal equilibrium, i X i
can no longer be distinguished from the other O-branes that !N terms of /=2 superfields, the action for 0-brane quan-
make up the black hole. tum mechanics reads
This makes it easy to compute the energy and entropy of
the probe once it has been absorbed by the black hole and 1 1 1
come to equilibrium. The effect of the probe is simply to ~ S= 2—f dtdzﬁTr( g VIV Fi— VIOV P
shift N—N+1 in the semiclassical free energy of the black 9vm

hole (5). We shift N holding bothgy ), and the temperature i
fixed. Thus the free energy of a probe in equilibrium is given - §fABc‘I>A[‘I>B ,(I)c]> : (19
by
T /5 HereV, is aU(N+ 1) gauge superconnection, afdis the
BF probe= = 5. 7&N| ———=1 . (13)  corresponding field strength. The fields
(gymN)
This agrees precisely with the free energy one obtains by Dp=patiaabatiab?

evaluating the DBI effective potenti&l0) at the horizon of
are a collection of seven adjoint scalar multiplets, wAiB

=1,...,7 anindex in the7 of G,, andfagc is a suitably
1t is an outstanding question to understand the horizon micronormalized totally antisymmetri€,-invariant tensor. For
scopically from the point of view of a freely falling observer. more details on our notation see Appendix A.
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A. Introducing a localized probe modes which are not thermally excited, so an appropriate

We wish to use a single 0-brane to probe a black hole wittthoice of resolving time iss~g. Then the operatorgha
N units of O-brane charge. To do this we separate the proberovide sharply defined position operators for the probe, at

from the black hole, by giving an expectation value to one ofleast as long as the probe is outside the stretched horizon. As
the scalar fields, say we shall see, as the probe enters the stretched hori&on,

bosons with a mass of orderfglktart to become thermally

0 excited. These lightW bosons contribute to the fluctuations
(®7)= 0 R/ 18 i éa, SO once the probe enters the stretched horizon it can-
not be localized to less than the size of the stretched horizon.
Classically this breaks the gauge symmetry froifN+1) Although the probe can be well-localized outside the
down to U(N)XU(1), andgives the off-diagonal fields a stretched horizon, one subtle question remains: what is the
massmy,=R. precise relationship between the Higgs VIR&ppearing in

Before continuing, there is an important question we musEq. (16) and the supergravity radial coordindtieappearing
address: is the expectation val() meaningful at strong in Eq. (1)? At zero temperature one can rely on supersym-
coupling? The issue is that at strong coupling the eigenvaluesietry to make a precise identification. The mass of a BPS
of ¢, have large quantum fluctuations. These fluctuationstretched string in the gauge theory is given exactly by the
can be measured by computing the connected equal-time caree-level formulan,,= R, while in supergravity the classical
relation function (IN)(Tr($a)?)c. For example in our ap- formulamy,=U/2 (11) is not corrected. Therefore one can
proximation the eigenvalues obey a Wigner semicircle distriidentify R=U/2# at zero temperature. However, this iden-
bution, with maximum eigenvalue tification is not appropriate at finite temperature. We will

work out the correct identification in Sec. V.

)\max:2V<Tr(¢A)2>C/N- (17)

On general grounds one can argue {at,15 B. Mean-field approximation
1 Having understood the description of a localized probe at
N<Tr(¢A)2>c~(g$MN)2/3’ (18) strong coupling, we proceed to apply mean-field methods

[4,5] to the quantum mechanics.
. L . . . The 0-brane actiofil5) has a manifest, global symme-
anci- th|55be[|1_awor”|]s |n(_JIeed sleen in oufrl mtearg-fleld a?ﬁrox'fry, but the expectation valug.6) breaks this taSU(3), so
mation[5]. Thus the eigenvalues ap, fluctuate over the we begin by rewriting the action in form with manifest

entire region, of size- (g% wN)*[2], in which supergravity gy 3) jnvariance. Unde§ U(3)C G, the 7 decomposes into
is valid. We want to place the probe well inside the super—,s@g691 Thus in place of the seven real scalar multiple
gravity region, at some value &< (g2,,N)*. But can we ' b pieis

. . . we have a set of three complex scalar multipkts trans-
really claim to have a well-localized probe, given the large o RS 1. — i
fluctuations(18)? forming in the3, their adjointsd_-in the 3, and a single real
The answer is that the probe can be well-localized, agcalar multipletP;. The 0-brane action reads

long as it is outside the stretched horizon. To see this, note

. . _ 1 1
that supergravity only emerges as a low energy approxima S= J’ dtd2oTr! — D“‘I%Daq’a— ED“‘D7Da‘D7

tion to the quantum mechanics. To discuss the position of the = G\Z(M
probe we must introduce a resolving time, and integrate out
the high-frequency degrees of freedom in the quantum 1 1 oy
mechanic€.These high-frequency modes are responsible for + ﬁeabcq)a[q)b Dc]— ﬁeabcq)g[q)qu)g]
the large fluctuation$18), and by integrating them out, we
) " :
S?(r;b é:lonstruct a sharply defined position operator for the + [y, D1
Following [15], a suitable position operator can be ob-
tained by smearing the Heisenberg picture fields over a +terms involving the gauge connect%n (20
Lorentzian time intervak:
— e dt 5, We expand about the backgrou(ib), setting
¢A:f e < pat). (19
= )
L . O, P,
The effect of the resolving time is to integrate out modes d,=| -
with frequency larger than &/ We can only integrate out 5(1321 0
(21)
2We are indebted to Lenny Susskind for emphasizing this point to + CD% 5;1‘);
us on numerous occasions. We are also grateful to Emil Martinec q)a)_ t
for valuable discussions on this topic. 5(1)5 0
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We are interested in studying this theory at finite tempera-
ture. To do this we use an imaginary-time formalism. We
adopt the component expansions discussed in Appendix A:

o, Py

b=
T lsel R

with a similar expansion for the gauge connection. The hat- D= Spati Stfoal,+ Of 160
ted fields areN X N matrices describing the black hole back-
ground, while the off-diagonal fields descrivé bosons in SO =spi+isy -0, + 5F192
the fundamental of) (N), andR is the Higgs vacuum expec- é é aatd A
tation value(VEV) which parametrizes the position of the
probe.

Expanding the action in powers of the off-diagonal fields,

we have(with ® referring to all of the scalar multiplets as Se=—iSy, r=ity, fe=—ify.
well as the gauge connectipn

(same for tilded fields We continue to Euclidean space by
setting

R R Note that the auxiliary fields must be Wick rotated to obtain
S= Shackgrounk®) + Squadratié P, D) + - - - (22) a Euclidean action that is bounded belaWhe rotation is
somewhat subtle; we need bo#f, = —id6f,y and 5%5
The zeroth order terms describe the black hole background= —i5f£M .) We then compactify Euclidean time on a circle
All first order terms automatically vanish, given the matrix of Circumferencelg’ and expand the fields in Matsubara
structure(21) and the fact that the actio(20) involves a  modes. For example we write
single overall trace. We can stop with the quadratic terms in

Eq. (22), since the off-diagonal fields transform in the fun- 1

damental of U(N), which means the higher-order terms Spo(7)= 2 Scpy 2™k
make contributions that are suppressed Wy itvthe largeN VB <z
limit.
To get a tractable description of the black hole back- 1 _
ground, we use our mean-field approximation schéfieln Spal(T)= \/_—/3 > Sipae2m B,
~ re’+1/2

this approximation one constructs a trial acti®(P),

which can be thought of as a variational approximation to the The model(24) can be solved by standard larjemeth-

full action Spackground®). We took Sy to essentially be the ods. The leading contribution to the free energyJgN?),
most general quadratic action that one can write in terms ofind comes from the black hole background. The leading con-
the fundamental background fields. The trial action is theretribution to the free energy of the probe@N), and comes
fore characterized by a set of 2-point functions, which werefrom a single loop oW bosons. Since the actigi24) only
obtained by solving a set of truncated Schwinger-Dysorhas 3-point couplings involving twi/ bosons and one back-
equations. ground field, the W propagator is given exactly by summing
To make a mean-field approximation for the backgroundrainbow diagrams, just as in the 't Hooft model of two-
we replaceSy,ckgrouna— So IN EQ. (22). This gives us an ef- dimensional chromodynami¢46]. The mean-field methods

fective description of the probe, in terms of the action used in[4,5] therefore provide an exact description of the
probe, and we shall state the solution to the model using the
S=Sy(®) + Squagrait @, 5P). 23) language of mean-field theory.

At leading order in IX the properties of the probe are

e . . completely characterized by th& propagators. We denote
In principle this action can be solved by standard la\ge- inege propagators

techniques, sincé&, is a known quadratic action and the

fields 6® are in the fundamental of(N). However, for 1 a2
simplicity, we wish to make a further approximation: we will (8¢ Obbm 0= A SapSim 1
only keep fields which transform in ti8or 3 of SU(3). We + N _
will say more about the validity of this truncation in Sec. V. (0,1 0bbmo= (¢, 5Fbma0=1710an0imdis
Given these approximations, the action of interest is explic- (25)
. . +
itly given by (82, 0Fbmo= € Sabdimdiy
PN 1 + . .
S=Sy(®,, P+ 2—f dtd?6{—D*6® D 50, (8 ) O1posD0= 191 OupOas 1013+ IN €05 Fab Srs B3
9ym

i Y ~ ~ = (same for tilded fields and propagatpweherel,J are indices
—R6®6P,—D*6P ;D 6P+ RP 6P, in the fundamental ofJ(N). These propagators are to be

~ s fag o~ determined by solving a set of one-loop gap equations,
+ ‘/Eeabcéq)a@bﬂ)c_ ‘/EGE&DE@E‘S@E}' (24) which we give below. The background actng((i)) is also
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characterized by a set of 2-point functions, which we dehote A|2=ZZ

~t ~ ~

(13 PomkL 0= A?Sap8imdi Sk
At 2 ~

<falJfmeL>0: €|255b5|m5|L5JK

AT ~ .
(V213 ¥Ebsk 0= 1910450201501 O3k -

The action(24) has aZ, symmetry which exchange$b and

55), and takesR— —R, d——d. This symmetry implies
that

2
BF=-62 log(Afel +(y)?)+62 log((g)+ (h)?)+62 ((%ﬂ) AF—ZRy.+e.2—2)—122

24 R 12 . 24

R P
I+m+n=0 I+m+n=0

24 h,A?h

B 1+/Ts=0 s

I+m+n=0

PHYSICAL REVIEW D 65 024012

=" 6I2:€|21 9-=9r, h=-h.
(26)
From now on we will use this relation to eliminate the tilded
propagators.

The propagators appearing in E@5) are to be deter-
mined by solving a set of one-loop gap equations. The gap
equations can be obtained by demanding that the two-loop
2P1 effective action discussed j4,5] is stationary with re-
spect to infinitesimal variations of the propagators. The free
energy of the probe can then be obtained by evaluating the
effective action at the critical point. In the present case, after
a rescaling discussed below, the effective acpbnis given

by

2r
7gr_th_1

r

) 48
> %Aﬁmﬁg >
I+r+

r+s=

“ 24 ~
grgsA|2+_ 2 grAlzgs
0 B+

r+s=0

(27)

The gap equations and effective action are discussed in moree would like to determine the masses of thebosons, to

detail in Appendix B.

see if supergravity predictions for the behavior of strings that

Let us briefly note an important feature of our solution. Instretch between the probe and horizon are borne out, and to
evaluating the effective action, we only kept planar dia-fix the relation between the supergravity radial coordinte
grams. This makes 't Hooft largd-counting automatic, so and the Higgs expectation vali® We would also like to

the free energy of the probe is guaranteed t@¥N). More-

determine the entropy of the probe in a fixed black hole

over, the Yang-Mills coupling constant can only appear in thebackground. These things are not easily done in imaginary
combinationg\z(MN. In Eq.(27), and in the rest of this paper, time.

we suppress the overall factor Nfin the probe free energy.

To address these questions, it is useful to introduce a spec-

Also, by rescaling all dimensionful quantities as in Appendixtral representation for the/ propagators. By inserting com-

B, we effectively adopt units which set N=1.

plete sets of states one can derive the following analog of the

To solve the gap equations we used the numerical metH-€hmann-Kéen spectral representation for a scalar propaga-
ods described 5], which we will not review here. The tor

basic idea is to start by solving the gap equations at IRge
where the theory is weakly coupled, and then use the 0 a— °°d
Newton-Raphson method to solve the gap equations at a sel (1) $(0)) = 0 wp(w)5 - Sinh Bw/2) ’

guence of successively smaller radii.

IV. SPECTRAL ANALYSIS

coshw(7— B/2)

=7

(28)

Here the spectral density is given by

At leading order in 1IN the properties of the probe are
completely characterized by tWg propagators. In the previ-
ous section we described how these are computed numeri-
cally, as functions of imaginary time. There are a number of
interesting questions that are difficult to address, however,

simply given the imaginary time propagators. For example V& Will apply this spectral decomposition to the field#, ,

writing their momentum-space propagator as

1
plo)=3 % e‘ﬁ’Engm [(n| | m)|2 20 (1—eA®)

X 8(w—Ep+Ep).

1

3The propagatord\? and e? are the same as if6], but g, is i 2_ fw -
[ i r Aj . dwp(w)(zwllﬁ)2+w2.

(29)
times the fermion propagator @5].
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We can regargp(w)dw as the number of single-string mi- To obtain results for the spectral density we used the fol-
crostates having an energy betweerand w+dw.* By ex-  lowing prescription. First we continued the gap equations
panding the propagator at large momentum as discussed (B3)—(B7) to general Euclidean momenta, by writing, for
Appendix B, note that the spectral density should satisfy example

2
_ 2_ 2 (k) 2 s e 2(_ _2_7T|)
f dwp(w)=1, fdwp(w)w m3 (30 220020+ (7 (k)2 ,BZI Afe 3

wherems is the asymptotic mas#9). + i > ;ZAz( —k— 2_7T|)

An interesting problem, motivated by our discussion of B B
supergravity in Sec. I, is to determine the energies of the 8 2t
lightest and heaviest string stat®@s,, and w . It is easy to T érg( ke l) (32)
put bounds on these quantities, as follows. From(B@). we B B
have

Then we obtained solutions to these equation$si0.25 at
B=2.0,3.0,4.0. Below this value &, and for larger values
min’ dwp(w)0?< . of 3, it became difficult to obtain physical solutions to these
equations. Figure 2 shows the results of this procedure. By
obtaining the propagators at frequencies intermediate to the

Also one can use Ed28) to show that Matsubara frequencies, we are able to obiafw) with a
much finer resolution than the spacing between Matsubara
(#(0)¢(0))4 frequencies /.
COSthmin/2)$—<¢(B/2)¢(O)>B- (31) Finally, to reconstruct the spectral densities, we used a

constrained Tikhonov regularizatig7]. The essential idea

Thus we have an upper bound ., and a lower bound is to numerically minimize a discretization of

ON wyay- These bounds are shown in Fig. 1. Note that as the .

temperature decreasasy,, develops a rather sharp plateau s Alz_f do p(w) +)\2f dw‘d_p _

at small radius. We take this to indicate that the probe has [ 0 (2711 B)%+ w? dow
started to come to equilibrium with the black hole, in the (33
range of Higgs VEVs corresponding to the plateau.

Let us point out a few features of these results, assuminghe minimization is performed subject to the constraint that
that the actual values @f,,, andw,,, are close to saturating p=0. We also add terms corresponding to the constraints
the bounds we have derived. At large radius the masses af80). The extra term dependent on the paramgterakes the
roughly given by the classical formuta,,=R. But at small matrices that appear in the inversion process well-
radius and low temperature, we see clear evidence both f@onditioned. By choosing this extra term proportional to the
very light states, with a mass of order the temperature, andorm of the derivative op we enforce smoothness of the
for heavy states, with a mass of order the 't Hooft scalesolution, which helps to suppress numerical instabilities. We
(g%N)Y3. The light states are expected, based on our discan actually choose this term to be quite smaH 10 *, so
cussion of supergravity in Sec. Il. The heavy states are ththat the contribution of the regulator to E§3) is negligible.
degrees of freedom which must be integrated out, as in Se¥Ve should emphasize that no starting ansatz is needed to
Il A, in order to recover a local supergravity description. ~perform the minimization, so no prior knowledge about the

We now turn to the problem of directly determining the final form of the solution is used as input, other than the
spectral density. In principle(w) is uniquely determined, features already mentioned. The spectral densities that result
given the momentum-space propagators evaluated at an infif€ shown in Figs. 3 and 4.
nite number of Matsubara frequencies and some assumptions With this prescription, we believe we have obtained reli-
about the behavior of the propagators at infinity. In practice@ble results for the spectral density. The prescription seems
however, it is difficult to determing(w) by inverting Eq. o work best if the radius is not too large; the small peaks
(29). The integration over frequency smooths out feature$een at large» (w=5) in Fig. 4 may be numerical artifacts,
present inp(w). Consequently the inversion process has thesince perturbative quantum mechanics predicts a single peak

opposite effect, and suffers from numerical instability. at largeR. However the relative weight of these small high
frequency peaks decreases Rdncreases, consistent with

perturbative expectations. More disturbing is the fact that the

“In Minkowski space the propagator has a branch cut along thélominant peak appears to get wider at laRyén contrast to
support ofp. Ordinarily this would reflect multi-particle intermedi- the perturbative result that there is a single peak which be-
ate states. In the case at hand the branch cut arises because thereG@@1es sharper @increases. This behavior appears to be an
N different W bosons which can be created by the operdigy,  artifact of the Tikhonov regularization. We have checked that
and in the largeN limit theseW bosons have a continuous distri- the largeR propagators can be well fit by a single Lorentzian
bution of masses. spectral peak which becomes narrowerRasicreases. As a
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FIG. 3. (Color) The spectral density(w) at 8=3.0. Dark blue:
FIG. 1. (Color) Bounds onwp, and wmay VS R. Red: 3=0.1 R=1.0; greenR=0.75; red:R=0.5; light blue:R=0.25.
(perturbative regime blue: 8=0.9; green;3=3.8. The short hori-

zontal lines mark the corresponding temperatures. <2. At R>2 we find a single dominant peak in the spectral
. density, consistent with what is expected from the perturba-

check of our results, a comparison of the propagator reconkye guantum mechanics. However Rglecreases below the

structed from the spectral density and the original mean-field ..o where supergravity becomes a good approximation we

propagator is shown in Fig. 2. The reason these do not agre,q 1o peaks in the spectral density. This suggests that once
more precisely is that we have imposed a positivity con-

. h | densitv. B | Al ~“we enter this regime, two different types of fundamental
straint on the spectral density. By only partially sSUmming inqs are contributing to the spectral weight. One set run

Feynman diagrams, we have .preseryed unitarity only aPpetween the probe brane and the black hole horizon. These
proximately, so the _spectral weight which would exa}qtly € hecome light aR decreases, and account for the entropy of
produce the mean field propagator need not be positive. T@e black hole in the limiR— 0. Another set of fundamental
_rea_sonable agreement seen in F_|g. 2 provm_les us W'th ago rings appear to run off to the strongly curved asymptotic
!ndlcator for how well the mean field approximation is work- region of the supergravity background. As can be seen from

Ing. Fig. 3 the sum of the positions of the two peaks at a giRen

Let us make some cpmments on Fhe spgctral def?s'“es WE roughly 3.5, independent &. This is consistent with the
have obtained, neglecting the numerical artifacts which see b

b for=5. A striking f ¢ Its f Moove interpretation.
:ﬁe spgzetrsgnéegs& isl a t?it”rr:c;ggl ;::lrjii)it?onog; \r/SS#\;Sssg; at A key feature of the spectral density is that a large number
or ” S f light W boson states are present wHgis small. We plot
sufficiently small radii. The results db] indicate that the g P b

: . . the lightestW mass as a function d® in Fig. 5[we define
supergravity regime should correspond to approximakely this as the frequency,, which satisfies ™ dwp(w)=0.1]
0 A

FIG. 2. (Color The propagaton?(k), obtained by solving Eq.
(32) at 8=3.0 andR=0.25. The blue curve is the continued propa-  FIG. 4. (Color) The spectral density(w) at 8=3.0. Dark blue:
gator. The green curve is reconstructed from the spectral density.R=4.0; greenR=3.0; red:R=2.0; light blue:R=1.5.
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e
i

== ol 4

FIG. 5. (Colon The lightestW mass as a function dR at 8
=2.0(red), 8=3.0(green and 3=4.0 (blue). B =y e i 3 5

At large R we find my~R. As R decreasesny, also de- FIG. 7. (Color) Comparison of the scalar propagators at srRalll
creases. At some radius,, becomes of order the tempera- in the full mean field approximatiotblue circles and the truncated
ture and thermalization starts to occur. We identify this ra-mean field approximatiofgreenx'’s), at 3=3.0.

dius with the stretched horizon of the black hole. Note that

the radius of the stretched horizon decreases with temperghe quantum mechanics is weakly coupled, we can determine
ture, as expected._ ) W masses perturbatively; a perturbative calculation gives
Our reconstruction of the spectral density shows that they =R+ O(1/R). As R becomes small, however, the spec-
energy of the lightest is approximately constant at small tra| analysis of the previous section indicates that the mass of
radius, for example g8=3.0 we findmy~0.4 forR=<0.5.  the lightest W goes to a constant of order the Hawking tem-
This is compatible with the boun(81), which requiresmy,  peratureT. To find a useful analytic form that captures both

<0.51 atR=0. This energy scalmyy is indeed comparable these limits, we fit the lightestV mass to the following an-
to the temperature B~ 0.33. Thus absorption of the probe gatz:
by the black hole can be understood as thermal restoration of
+ :
U(N+1) gauge symmetry. T+aR2 R<R.
™I R+b/R,  R>R
V. PROBE POTENTIAL: RECONSTRUCTING THE ! 0
SPACETIME METRIC FROM QUANTUM MECHANICS

(39)

lJ_-IereRo is an adjustable parameter, while the constaraad
b are fixed by demanding continuity of,,(R) and its first
derivative atR=R,. Fitting the ansatz to the data points

We wish to compare the probe free energy to the supe
gravity potential. To do this in a meaningful way, we must
first determine how the supergravity radial coordinbltés
related to the Higgs expectation valee The precise rela-
tionship can be obtained by compargmasses, as follows.

Consider the mass of the lightéstboson in the quantum
mechanics. At larg®, where supersymmetry is restored and

FIG. 8. (Color) Bosonic contribution to the probe entropy Rs

FIG. 6. (Color The probe free energgF vs R, at 3=3.0. The  atB8=2.0(red), 8=3.0(green and3=4.0 (blue). The edge of the

curve shows the Born-Infeld actidd0) with the overall tension fit  eigenvalue distributioni17) lies at abouiR=1.8. Numerical calcu-
to the data. lations were performed at the indicated points.
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shown in Fig. 5 yields the interpolating curves also showngauge multiplet or the ¥ scalar multiplet, and these fields
there, withRy=1.5 at3=2.0, Ry=1.2 at3=3.0, andR,  are expected to make a substantial contribution to the overall
=1.0 atB=4.0. coefficient.

On the other hand a supergravity computation of \itie Figure 6 shows remarkable agreement for the shape of the
mass giveany,=(U—Ug)/27 (11). This is the mass of a potential. TheU vs R relation (35) is crucial in obtaining
string which stretches from the probe to the horizon of thesuch good agreement. Because the supergravity effective po-
black hole. It seems appropriate to identify the mass of thigential depends in such a detailed way on the form of the
string with the mass of the lighte®8¥ boson in the quantum black hole metric, we see that the mean field approximation
mechanics. Thus we take the relation betwBeandR to be  in the quantum mechanics is accurately reproducing the

spacetime physics of the black hole geometry.
U-U, [T+ aR?, R<Ry, One caveat is worth n;entioning. The free energy of the
27 |R+bIR, R>R,, (35 probe(27) falls off like 1/R* at large radius. This behavior is
a consequence of th&=2 supersymmetry of the truncated
action(24). Note that supergravity has a potentia0) which
falls off like 1/U” far outside the horizoat U>U,). Thus
é/)\fith the truncation24) we could not hope to see agreement
with the long-distance behavior of supergravity. Fortunately,
in the temperature range we are studying, the horizon radius
Uy is large enough that the shape of the supergravity effec-
tive potential is dominated by the square root singularity as

—U,. Itis not particularly sensitive to whether” appears
or some other power ot appears in the potential. This
makes it possible for the truncated probe theory to reproduce
well the shape of the potential.

Finally, let us discuss the behavior at small radius. The
gauge theory has the property that Bs-0 the probe
0-brane becomes indistinguishable from thé®-branes that

whereU, is given by the supergravity relatigd). Of course
this relation is only trustworthy in the region where super-
gravity makes sense, i.e., between the stretched horizon
the black hole and the region of large curvatute
~(g%uN) %,

Let us make a few comments on this change of coordi
nates. Our results for the potential will not require the ansat
(35); we could invert the relation betweean,, and R given
by the data in Fig. 5, and express everything in terms\gf
However one may wonder whether the and8%) captures
the correct functional relation betwedh and R. Another
functional form has been proposed in the literatifd g]:

R7/2=£( i) e i>7_(ﬂ)7) (3  Mmake up the black hole background. This is clear from the
2\\ 27 2 2] | form of the expectation valug.6). This behavior is compat-
ible with the properties of supergravity discussed at the end
This predicts that the relation of Sec. IlI: the free energy of a probe that has come to equi-
librium with the black hole can be obtained from the free
U-U, 1 1[ U\ "\?" U, energy of the background, simply by shiftifg—N+1.
My=— = ﬁ( T+ ) E) ) “on This behavior is respected by our approximation, in the

sense that aR—0 the gap equations for the W propagators
in the theory(23) become identical to the one-loop gap equa-

should hold in the supergravity regime. Suppose one makeg,ns \hich we used to describe the black hole background
an O(T) correction to this formula, and takes in [5]. When we truncated the action, going from E2@) to
- Eq. (24), we slightly violated the property that the back-
m :1(R7+ } ﬁ) _ E+T 37) ground andW propagators agree B=0. We can use this to
WTR 4\ 27 27 test the validity of the truncation. A comparison of the scalar
propagator aR=0.1 in our truncation, and the correspond-
With U, regarded as an adjustable parameter, one can getiag propagator for the background, is shown in Fig. 7. The
quite good fit to the data shown in Fig. 5. Within our numeri- zero frequency modes differ by about 20%, however this
cal accuracy, we cannot claim to distinguish between the twa@liscrepancy rapidly decreases for the higher Matsubara

proposals35) and(37). modes: ak= 2/ the difference is 9%, and becomes less
In Fig. 6 we show a plot of the probe free energy as ahan 1% fork=14mx/g.
function of R, obtained by evaluating ER7) at 3=3.0. The The free energy is rather more sensitive to the truncation

continuous curve is the supergravity prediction for the effecthan the propagators themselves. In the truncated probe mean
tive potential(10). The U coordinate is fixed using the rela- field approximation we find3F,,ope= —5.7 asR—0 at g

tion (35) and the overall tension in the DBI actig®) is =3.0, whereas a complete mean-field calculation would give
adjusted to fit the data. Note that we do not expect the overaBF yope= —2.0 at R=0 (this follows from shiftingN—N
coefficient to be accurately reproduced by the mean field+1 in the results of5]). These free energies should be com-
approximation—in[5], where a complete mean-field calcu- pared to the supergravity predictigBF ,,c= —0.80 for a
lation of the free energy of the background was performedprobe in equilibrium with the black hold3). We see that the
there was a 50% discrepancy between the predicted coeffitll mean field is off by a factor of 2.5 from the supergravity
cient and mean field, although the scaling exponent wittprediction, while the truncated probe mean field is off by a
temperature was reproduced to within a few percent. In oufactor of 7. The dominant source of the discrepancy between
probe mean-field calculations we have not included thehe two mean field results is the zero mode of the gauge field.
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The fact that the shape of the curves in Fig. 6 match so welhlthough much of what we will say is motivated by the re-
suggests that the extra contribution due to the gauge zemults of the previous sections.

mode leads only to a renormalization of the probe mass, and Within the context of our mean-field approximati@s,
does not alter the overall shape of the potential. We plan tthe black hole is modeled as a collectionNt independent
extend the probe mean field approximation to include thelegrees of freedom. Let(w) be the corresponding spectral
gauge multiplet, as well as thé"7scalar multiplet, in future density for the bosons. Then the entropy of the black hole is
work. This will be important for seeing a more detailed given by a formula analogous to E@®8),

matching of the probe mass, and also to resolve finer features
of the probe effective potential.

~N2fd _PY g2 sinhgel2)
Soh wp(w) 2 tan Bwl2) 09(2 sin Bw/2)
VI. PROBE ENTROPY (39

We now turn to computing the entropy of the probe as awhere we have neglected a small contribution from the fer-
function of radius. Our expectation is that outside themions. The spectral density of the black hole background
stretched horizon, where supergravity is valid, the entropy ofhould be identical to the spectral density of a probe at very
the probe should be very smalln fact, according to classi- small radius. Having analyzed the probe spectral density, we
cal supergravity, the entropy of the probe is exactly 2ero.expect thap(w) has two peaks, one centered around T
However as the probe reaches the stretched horizonWght ~and one centered around much higher frequencies. Moreover
become thermally excited, and the probe acquires a nonzetbese peaks are very narrow. So up to a coefficient, the black
entropy. This should provide a clear signal for the breakdowrole entropy is just given by the area of the first low-
of supergravity at the stretched horizon of the black hole. frequency peak

We wish to compute the entropy of the probe while hold-
i_ng the mass_of th_e blac!< holand the radius of the prope Sthsz dwp(). (40)
fixed. In the imaginary time formalism, the temperature of first peak
the probe is tied to the temperature of the black hole. This ) _ )
means we cannot compute the entropy using the canonichlow let us obtain an expression for the radius of the black
ensemble. Rather we have to define the probe entropy micrdwole horizonRy, . We will define this, not in terms of a probe
canonically. This is easily done, given the spectral represerrane, but rather as in Sec. 5[&, in terms of the 2-point
tation (29). We merely have to integrate the spectral densityfunction of the time-averaged scalar fields). In terms of
against the entropy of a harmonic oscillator with frequencythe spectral representati¢a8) we have

» and temperature B/ A 1
2 2\
RE= ()= | dop(o) g

HBwl2) (41)

—log(2 sinr(,BwIZ))) .
(38)

Bw

where A is a high-frequency cutoff, corresponding to a
choice of resolving time used to define the size of the black
hole. A should be chosen to keep only the light modes, the
modes which are described by supergravity. Sipte) has
a bimodal distribution, there is a natural set of frequencies to
exclude; we take the horizon size to be given by just inte-
mgrating over the first low-frequency peak. As the peak is
narrow and concentrated arouac~T we get(up to a nu-

The resulting entropy is shown in Fig. [@his is the entropy
of a singleW boson; to get the bosonic entropy of the full
theory (24) one should multiply by §.0f course there are
also fermionic strings, which make &additive) contribution

to the total entropy, but the bulk of the entropy comes fro

the bosons. .
We can see that the probe entropy is small at the edge (ﬂaencal factoy
the eigenvalue cloud. For a spectral density of the sort we
obtained in Sec. IV, Eq:38) predicts that the probe entropy RZ~ f dwp(w). (42)
is exponentially small outside the stretched horizon, roughly first peak

Sprobe—€ P™~e AR 1t only begins to increase dramati-
cally at a considerably smaller radius, which we identify
with the stretched horizon of the black hole. As can be see
in Fig. 8, the stretched horizon moves to smaller valueR of
as the temperature decreases. Also note that the entropy in-

creases more suddenly at lower temperatures. Both these fea- Sy~
tures are in accord with the supergravity expectatibd). n

Combining Eqgs.(40) and (42) we get a nontrivial relation-
hip between the horizon radius and entropy of the black
ole. Restoring units

N’TR?
ng/MN -

(43)

Note that we have obtained this relationship strictly within
the gauge theory.

As a final topic, we discuss an interesting relation be- Remarkably, however, a supergravity relationship of this
tween the entropy of a black hole and the radius of the blaclorm is valid for all black holes that arise as the near-horizon
hole horizon. In this section we do not use a 0-brane probegeometry of black p-branes. The supergravity relationship is

VII. AN ENTROPY-RADIUS RELATION
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N2T U2 full model (23), using essentially the same techniques. This
Sor~ — 0 (44) should lead to improved results, in particular for the probe
gymN effective potential. Another interesting problem would be to

study a probe with nonzero velocity. One could then com-
where the constant of proportionality depends on the dimenpute, not only the probe potential, but also the probe kinetic
sion of the brane. This relationship was noticed in Appendixerms. One could then hope to identify the nontrivial causal

C 2 of [4]. structure of the black hole metricl), as reflected in the
There are a few points worth mentioning about this deri-probe effective actior9).

vation.
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ignored. With A’'=2 supersymmetry we have &0(2) R symme-
We take the agreement between E(3) and (44) 10 ¢ with spinor indicesa, 8=1,2 and vector indices, ]

mean that the assumptions which went into deriving (Bg) =1,2. TheSO(2) Dirac matriceSy'aB are real, symmetric,

are qualitatively correct. In particular, this supports our claim nd traceless. Given two spinors and y, there are two
that the spectral distribution has a clear separation of ”ghﬁkvariants one. can make. which we den)gte by

and heavy degrees of freedom, and has a narrow peak a
frequenciesw~T. i
VaXa and waXaE E EaﬁwaXB .
VIIl. CONCLUSIONS
N=2 superspace has coordinat¢sd(), whered,, is a col-

In this paper we studied a O-brane probe of a tendection of real Grassmann variables that transform as a spinor
dimensional nonextremal black hole, directly in terms of theof SO(2)g. The simplest representation of supersymmetry is
dual strongly coupled quantum mechanics. We described thg real scalar superfiel(tcomplex conjugation reverses the
black hole background using the mean-field methodsbf  order of Grassmann variables
Following Susskind15], we showed that a localized probe
could be described in the quantum mechanics, once a suit- D=p+i,0,+f6%
able resolving time has been introduced. We studied the ) . .
spectral representation of thé propagators, and found that 't contains a physical real bosap and a physical real fer-
light states are present in the quantum mechanics whenevBHON ¥, , along with a real auxiliary field. To describe
the probe is inside the stretched horizon. These light stated@uge theory we introduce a real spinor connection on super-
provide a mechanism for the black hole to absorb infallingSPacel’,, with component expansion
matter, along the lines suggested[iri]. It would be quite O
interesting if these light states could be related to the light o= XaTAobat X Vopp+deappt 2€,pM 562,

fractionated monopoles which Mathur proposed as an abT’he fieldsX' are physical scalars, while, are their super-

sorption mechanism for certain black ho[d$9)]. : - . ;
Given theW propagators, it was straightforward to com- partnersd is an auxiliary bosony, are auxiliary fermions,
' andA, is the (0+ 1)-dimensional gauge field.

pute the free energy of the probe. We showed that outside the To write a Lagrangian we introduce a supercovariant de-

stretched horizon the probe potential was in accord with su-.
. : . rivative
pergravity expectations. However the probe acquires a non-

zero entropy once it enters the stretched horizon, as the light 9 9
W states become thermally excited. This provides a clear DQZW—M’QE (A1)
signal that supergravity breaks down at the stretched horizon @
:;r?/e?IaCk hole, at least according to a Schwarzschild Obénd its gauge-covariant extension
There are several interesting directions in which one V,=D,+T,. (A2)

could extend the results of this paper. For example, for sim-
plicity we studied a truncated model for the pro{#), in  The action forN O-branes is built from a collection of seven
which several fields were suppressed. But one can solve thadjoint scalar multipletsb, that transform in the7 of a
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G,CSO(9) global symmetry, coupled to &J(N) gauge 3
multiplet T, . The action reads fascfaBo=35 dco- (Ad)

S=i dtdZHTr(——V“}‘V Fi— V“(I)AV,Z(I)A

gYM APPENDIX B: EFFECTIVE ACTION AND GAP

i EQUATIONS
- §fABCCDA[(DB ,cI)C]) : (A3)
The propagator&5) correspond to a Gaussian trial action

Here F;= %’yiaﬁ{ VB} is the field Strength constructed from for the off-diagonal fieldwith a similar action for tilded
I',, andfagc is a totally antisymmetri6,-invariant tensor, ~ fields)
normalized to satisfy

AZ iy T 8¢,
(60,601 =F (sptsrt)| ( -
a,l al al |’)/| 5fa|

€|

Or _hr -t 5'p1ar
TR Y B b

a,r

(B1)
The 2-loop 2PI effective action discussed[#5] is defined by

BF=pBFo+(S—Sp)o— 5 < 1))

where 8F is the free energy of the trial actidBl), S— S, is the difference between the full actié®4) and the trial action
(B1), andS,;, refers to cubic terms in the full action. A subscrp{0 denotes a connected expectation value computed using
the trial action. In the present case, the effective action is given by

2
/3F=—6N2I log(AZ€ +w.>2)+6NE log((g,)%+ (h, )2)+ﬂ2 ((@) AZ—2Ry+ €l —29%),

gYM B
12N 27Tr 24N2 . 12N? 24N? .
-5 2 th_g\z(M + 2, 2 _ AIZAZmeﬁ"_ 4 _ Aj emAZ VIAZmVn
gYM r gYMB I+m+n=0 gYMﬁ I+m+n=0 YMB I+m+n=0
48N? 24N? ~,  24N? ~
4 grgsA + 9rAfgs— 4, E h;Arhs. (B2)
gYM,B I+r+s=0 YMIB I+r+s=0 gYMIB I+r+s=0

The effective action respects 't Hooft lar¢escaling, so all factors ®$MN can be eliminated from E¢B2) by appropriate
rescalings of dimensionful quantities. For example, one sets

ﬁ:ﬁr/(giMN)ll?), R:Rr(gaMN)lIB, A|2:(g$MN)1/3A|I Z/N.

The rescaled effective action, with the overall factoNafuppressed, is given in ER7). Requiring that the rescaled effective
action is stationary with respect to variation of the propagators gives rise to the following set of gap equations:

2 2
€ 2’7T|) 4 A ~y .o 8 -
S il R A2e2 = A2+ 2 B3

AZEZ+ ()2 (/3 L2 A Bm+nz:_| €mn ﬂr+§_| 9r0s B3)

A? 4 .
. A22 B4
AT ? T B, AR (B4

Y 4 .
=R+ — A B5
Afef+(m)? ,3m+n2:—| m¥n (BS)

5This quantity was denoteld in [5].
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o 27r 4 A 4 -

G 5 g2, WA 2 Al (B6)
h, B 4 ~s

G Rt 2 A B7)

By comparing Eqs(B4) and(B5), note thaty,= — RA,Z.
An important aid in finding numerical solutions to the gap equations is to solve for the large-momentum behavior of the
propagators analyticallfs]. At large momentum we find that the propagators have the behavior

A2 1 N -R - (271 B)?
T eapzmi T edipirmd T @allp?rmy

2mrlB h -R B8
9= 2mrigzamt T 2arig) i me’ (B8)
where the asymptotic masses are given by
4 4
2 _p2 A2 2
mi=R°+ = 2> Af+—= 2, A
A B 2 "B Z !
4 ., 8 4
2 2 2 2
m:=R“+ — Ar+— Af+ — B9
B El I B E| I BR 2| Y (B9)
4 ., 8 4
2_p2 2 2
mi=R“+ — Af+— Af+ — h
h B E| | ﬁ El | BR EI’ r
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